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Abstract—Orthogonal time frequency space (OTFS)
modulation, collaborated with millimeter-wave
(mmWave) massive multiple-input-multiple-output
(MIMO), is a promising technology for next generation
wireless communications in high mobility scenarios.
However, one of the main challenges for mmWave massive
MIMO-OTFS systems is the enormous computational
complexity of channel estimation incurred by the huge
OTFS symbol size and the large number of antennas. To
address this issue, in this paper, a tensor-based orthogonal
matching pursuit (OMP) channel estimation algorithm is
proposed by exploiting the channel sparsity in the delay-
Doppler-angle domain. In particular, we firstly propose
a novel pilot design for the OTFS symbol structure in the
frequency-time domain. Then, based on the proposed
pilot structure, we formulate the channel estimation as a
sparse signal recovery problem, and the tensor decom-
position and parallel support detection are introduced
into the tensor-based OMP algorithm to reduce the signal
processing dimension significantly. Numerical simulations
are performed to verify the superiority and the robustness
of the proposed tensor-based OMP algorithm.

Keywords—OTFS, millimeter-wave, massive MIMO,
channel estimation, compressed sensing

I. INTRODUCTION

Recently, orthogonal frequency division multiplexing
(OFDM) modulation has been widely used in various

wireless communication systems including the fifth genera-
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tion cellular systems (5G), IEEE 802.11n, etc. However, the
inter-carrier interference (ICI), which is caused by the time-
varying characteristics of the wireless channels and conse-
quently becomes one of the main challenges in OFDM sys-
tems, still remains unsolved. The ICI not only degrades the
system performance, but also hampers the channel estimation
and the signal detection[1]. The classical solution to overcome
this nuisance from the fast time-varying channel characteris-
tic is by designing a shorter OFDM symbol in the time do-
main. As such, the wireless channels can be regarded as time-
invariant within several consecutive OFDM symbols. How-
ever, such classical method degrades the transmission effi-
ciency to the coming beyond 5G (B5G) or the sixth genera-
tion (6G) cellular systems, since each symbol is added with
cyclic prefix (CP) or guard interval (GI) in the transmission,
where the size of CP or GI should be larger than the max-
imum channel length to avoid inter-symbol interference. In
the high-speed scenarios of B5G and 6G, e.g., the high-speed
train (HST) with the top speed up to 500 km/h[2,3], and the ve-
hicular with top speed up to 300 km/h[4], the coherence time is
strictly limited. Therefore, the symbol size in high-speed sce-
narios is generally much shorter than that of low-speed sce-
narios, while the length of CP or GI still remains the same.
Hence, applying a short symbol for OFDM in high-speed sce-
narios to adapt to the high moving speed will also lead to a
low system efficiency.

In order to meet the requirements of these high-mobility
cases in future wireless communication systems, orthog-
onal time frequency spaces (OTFS) modulation has been
proposed[5,6]. Unlike the OFDM technique, which only mod-
ulates the frequency domain signals into time domain by
an inverse discrete Fourier transform (IDFT)[7], OTFS firstly
converts the transmitted signals from the delay-Doppler do-
main to the frequency-time domain by an inverse symplec-
tic finite Fourier transform (ISFFT), then conducts the multi-
carrier transmission by utilizing the OFDM modulator. With
the joint frequency-time-Doppler domain signal processing,
OTFS can convert the time varying channels into invariant
channels in the delay-Doppler domain and avoid the ICI.
Therefore, OTFS demonstrates superior performance than
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OFDM in high-mobility scenarios, and attracts tremendous
attention in various research areas, including multiple-access
investigation[1], modem structure design[8], low-complexity
receiver design[9,10], iterative detection method[11], variational
Bayes detector[12], etc.

Similar to other communication systems, channel esti-
mation also plays an important role in OTFS communica-
tion systems. Most of existing studies for OTFS systems
considered single-input-single-output (SISO) cases and pro-
posed different channel estimation algorithms based on the
threshold-based estimator[13], the pseudo-random noise (PN)
sequences[14], the turbo compressed sensing (turbo-CS)[15],
and so on.

Specially, the authors in Ref. [13] presented a pilot de-
sign, where only one pilot signal was located in the center
of the pilot domain and was surrounded by guard intervals
in the delay-Doppler domain of the OTFS symbol. Based on
such a special pilot structure, the received pilots in the delay-
Doppler domain can be used to estimate the channel responses
once their power is beyond the given threshold. This chan-
nel estimation method is simple and fast, but it is difficult
to select a proper threshold in practical applications. More-
over, the pilot transmission overhead is proportional to the
Doppler frequency shift, which means that it is hard to ex-
tend this method into the cases of extremely high-mobility
scenarios. Ref. [14] adopted PN sequences as the pilots in the
delay-Doppler domain, so that the auto-correlation function
was used to determine the significant path taps in the delay-
Doppler domain. However, this PN-based method requires
long pilots, and thus severely reduces the system efficiency. A
turbo-CS based channel estimation algorithm was presented
in Ref. [15], where the priors of the channel responses in the
delay-Doppler domain were modeled by Markov random field
(MRF). On the basis of the MRF, the turbo-CS algorithm ex-
hibits a better performance than the other conventional mes-
sage passing algorithms, such as the approximated message
passing (AMP) algorithm. Nevertheless, enormous computa-
tion resources are needed to implement this turbo-CS algo-
rithm, especially in the cases with large OTFS symbol size,
since both the posterior and the prior of each channel re-
sponses in the delay-Doppler domain need to be updated in
each iteration.

Note that the above studies[13-15] mainly focus on SISO-
OTFS systems. However, considering the rich spectrum
resource in the millimeter-wave (mmWave) band and the
high spectrum and energy efficiencies of massive mas-
sive multiple-input-multiple-output (MIMO) technique[16-19],
mmWave massive MIMO combined with OTFS is also an at-
tractive technique to boost the spectrum efficiency and is thus
worth to be investigated. The authors in Refs. [20] and [21]
have extended the threshold-based method to massive MIMO-
OTFS systems, with the pilot length being proportional to the

number of antenna pairs at the receiver and the transmitter.
Whereas, this method greatly limits the spectral efficiency
as the number of antennas goes to large. In order to over-
come this problem, Ref. [4] proposed to estimate the massive
MIMO-OTFS channels in the angular domain, in which the
number of the parameters to be estimated is independent of
the number of antennas. Based on the channel sparse prop-
erties in the delay-Doppler-angle domain, Ref. [4] proposed a
three-dimension structured orthogonal matching pursuit (3D-
SOMP) channel estimation algorithm. Unfortunately, this 3D-
SOMP algorithm requires the weight calculation of each can-
didate in the delay-Doppler-angle domain per iteration. This
consequently results in severe computation complexity and
hinders the practical application of the 3D-SOMP algorithm
when the candidate number in the delay-Doppler-angle do-
main becomes large.

To solve this problem, in this paper we propose a tensor-
based orthogonal matching pursuit (OMP) channel estimation
algorithm for the uplink transmission of mmWave massive
MIMO-OTFS systems. The specific contributions are sum-
marized as follows.
• We propose a novel OTFS symbol structure for the pilot

design in the frequency-time domain. Compared to the ex-
isting delay-Doppler domain pilots, the proposed frequency-
time domain pilots can be easily allocated in the multi-user
scenarios without affecting the data allocation.
• Based on the proposed OTFS symbol structure, we pro-

pose a new rank-one pilot matrix design and formulate the
channel estimation problem as a sparse signal recovery in the
delay-Doppler-angle domain. Unlike the traditional greedy
solutions to the sparse signal recovery, such as the OMP
method[22] and simultaneous OMP (S-OMP) algorithm[23],
which only investigate the sparse signal in the delay-Doppler
domain, our proposed pilot matrix design and tensor-based
OMP algorithm can also bring the benefits from the angular
domain and thus show better performance in many scenarios,
which includes low signal-to-noise ratio (SNR) and varying
velocity, etc.
• Tensor decomposition and new parallel support selection

are introduced and proposed into the low complexity chan-
nel estimation algorithm, which leads to significant complex-
ity reduction for mmWave massive MIMO-OTFS systems.
The analysis shows that the computational complexity is re-
duced from the product of the numbers of sub-carriers and the
OTFS symbols to their summation by the proposed tensor-
based OMP algorithm.

The rest of the paper is organized as follows. In section II,
we firstly introduce the OTFS modulation and then extend it
to the case of mmWave massive MIMO systems. Section III
presents the proposed tensor-based OMP channel estimation
algorithm, which includes the pilot design, the sparse tensor
reduction, and the enhanced OMP channel estimation. Nu-
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Figure 1 The block diagram of SISO-OTFS systems

merical results are provided in section IV, and section V con-
cludes our work.

Notation: Underlined bold italic letter X denotes a tensor,
bold italic letter X represents a matrix, and bold lowercase
italic letter x is a column vector. [X]m: and [X]:n indicate the
mth row vector and the nth column vector of the matrix X ,
respectively. The transpose, conjugate, conjugate transpose,
and pseudo-inverse of a matrix are denoted by (·)T, (·)∗, (·)H

and (·)†, respectively. The operator � is the Hadamard prod-
uct, and ⊗ represents the Kronecker product. The operation
vec{·} is a vectorization to a matrix, and diag{·} means a di-
agonal matrix with the input vector as the main diagonal. The
notation ×n represents the mode-n tensor product, and IM is
an M×M identity matrix.

II. SYSTEM MODEL

In this section, we first describe the detailed procedure of
the OTFS modulation in SISO systems, and then extend it to
mmWave massive MIMO systems.

A. OTFS Modulation
The OTFS modulation in SISO systems was firstly intro-

duced in Ref. [5] and combined with mmWave communica-
tions in Ref. [6]. A generic description of frequency-time
modulation is as follows.
• A lattice Λ in the frequency-time domain is a sampling

of the frequency and time axes at intervals ∆ f and T as

Λ = {(m∆ f ,nT ), m =−M
2
, · · · , M

2
−1, n = 0, · · · ,N−1}.

(1)

• An OTFS symbol has a total bandwidth of M∆ f Hz and
a total duration of NT seconds.

• A set of modulated symbolsX ∈CM×N on the lattice Λ ,
is transmitted by s(t) on the pulse waveform gtx(t) as

s(t) =
M/2−1

∑
m=−M/2

N−1

∑
n=0
X[m+M/2,n]gtx(t−nT )ej2πm∆ f (t−nT ),

(2)

where X[k, l] represents the element in the (k+1)th row and
the (l +1)th column of matrixX .
• The inner product of the transmit pulse gtx(t) and its as-

sociated receive pulse grx(t) is bi-orthogonal with respect to
translation by frequency ∆ f and time T as

Agrx,gtx(m,n) =
∫

g∗tx(t)grx(t−nT )ej2πm∆ f (t−nT )dt =

δ (m)δ (n), (3)

where Agrx,gtx indicates the cross-ambiguity function, and δ (·)
is the Dirac delta function.

As Fig. 1 shows, the modulation in (2) is called the Heisen-
berg transform of frequency-time domain signals X . The
frequency-time domain signalsX is modulated from the data
sequence X ∈ CM×N of the delay-Doppler domain by using
an ISFFT and a transmit windowing function[5] as

X =Wtx� (FMXF
H
N), (4)

where Wtx ∈ CM×N is a transmit window function. To sim-
plify the analysis and mainly shed light on the channel estima-
tion of OTFS systems, we assumeWtx is a matrix of all ones,
and FM and F N are defined as

FM =
[
[FM]TM

2 +1:, · · · , [FM]TM:, [FM]T1:, · · · , [FM]TM
2 :

]T
, (5)

F N =
[
[FN ]

T
N
2 +1:, · · · , [FN ]

T
N:, [FN ]

T
1:, · · · , [FN ]

T
N
2 :

]T
, (6)

where FM and FN are M- and N-dimension discrete Fourier
transform (DFT) matrices, respectively.

Authorized licensed use limited to: Universidade de Macau. Downloaded on August 30,2022 at 07:44:14 UTC from IEEE Xplore.  Restrictions apply. 



Tensor-Based Low-Complexity Channel Estimation for mmWave Massive MIMO-OTFS Systems 327

At the receiver, the received signal over the time-varying
channel h(τ,ν) after removing the CP for each OTFS symbol
can be given by

r(t) =
∫

τ

∫
ν

h(τ,ν)s(t− τ)ej2πν(t−τ)dνdτ + v(t), (7)

where τ indicates the time delay, ν represents the Doppler fre-
quency offset, and v(t) is the Gaussian noise with zero mean
and variance σ2

v . Then, the Wigner transform, which inverts
the Heisenberg transform of (2) and is operated by the DFT
matrix of the OFDM demodulator in Fig. 1, is applied to re-
cover the transmitted signals[5]

Y [m+M/2,n] =
∫

g∗rx(t− τ)r(t)e−j2πν(t−τ)dt|τ=nT,ν=m∆ f ,

(8)

where m = −M
2 , · · · ,

M
2 − 1, and n = 0, · · · ,N− 1. If h(τ,ν)

has finite support bounded by (τmax,νmax), and Agrx,gtx(τ,ν)

of (3) is equal to zero for τ ∈ (nT − τmax,nT + τmax), ν ∈
(m∆ f − νmax,m∆ f + νmax), then the received signals of (8)
can be expressed as[5]

Y =H�X+V , (9)

where V is the addictive white Gaussian noise (AWGN), and
H is the frequency-time domain channel and can be expressed
by

H[m+M/2,n] =
∫

τ

∫
ν

h(τ,ν)ej2πνnT e−j2π(ν+m∆ f )τ dνdτ,

(10)

where m =−M
2 , · · · ,

M
2 −1 and n = 0, · · · ,N−1.

By considering the sparse feature of h(τ,ν) from the per-
spective of the time and Doppler domains, which is caused by
the limited number of scatters in the propagation environment,
h(τ,ν) can be modeled in a sparse representation in terms of
the time delay and the Doppler frequency shift[20], i.e.,

h(τ,ν) =
P

∑
i=1

hiδ (τ− τi)δ (ν−νi), (11)

where P indicates the number of propagation paths, hi, then τi

and νi represent the complex gain, time delays, and Doppler
frequency shifts of the ith path, respectively.

Let kτi and lνi denote the delay and Doppler taps for the ith
path, respectively, τi, and νi can be defined as

τi =
kτi

M∆ f
, νi =

lνi

NT
, (12)

where both kτi ∈ [0,M− 1] and lνi ∈ [−N/2,N/2− 1] are in-
tegers. In this paper, we assume the resolutions 1/M∆ f and
1/NT are sufficient to approximate the practical delays and
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Figure 2 The block diagram of mmWave massive MIMO-OTFS systems

Doppler frequency shifts to the nearest points of grid in the
delay-Doppler domain. Substituting (11) into (10), we can
obtain

H[m+M/2,n]=
M−1

∑
k=0

N/2−1

∑
l=−N/2

D[k, l +N/2]ej2πnl/Ne−j2πmk/M,

(13)

where D ∈ CM×N represents the sparse delay-Doppler do-
main channel matrix, and

D[k, l +N/2] =
P

∑
i=1

hie−j2πkτi lνi/MN
δ (k− kτi)δ (l− lτi).

Hence, the frequency-time domain channel responses in (10)
can be re-expressed by

H = FMDF
H
N . (14)

Note thatD[k, l] 6= 0 indicates that there is a path in the delay-
Doppler domain channel, whose corresponding time delay
and Doppler frequency shift are k/M∆ f and (l−N/2)/NT ,
respectively.

Consequently, based on (9) and (14), the equalization of
the received signal Y can be easily achieved, even in high-
mobility scenarios. After that, the data in the delay-Doppler
domain can be further recovered by applying the symplectic
finite Fourier tranform (SFFT)[5] on the equalized signals.

B. mmWave Massive MIMO-OTFS
Previously, we present the detailed procedures of the OTFS

modulation/demodulation for SISO communication systems.
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In this subsection, we extend the OTFS to the MIMO sce-
narios and consider the uplink transmission of OTFS-based
mmWave massive MIMO systems. Let B represent the num-
ber of antenna elements of the uniform linear array (ULA)
equipped at the base station (BS), and U denote the number
of single-antenna user terminals (UTs). The received signals
after removing CP in the frequency-time domain of the bth
antenna can be expressed as

Yb =
U

∑
u=1
H

(u)
b �X

(u)+Vb, b = 1, · · · ,B, (15)

whereH(u)
b andX(u) represent the uplink frequency-time do-

main channel matrix and the uplink transmitted signals from
the uth UT to the bth antenna of BS, respectively. Vb indicates
the AWGN matrix.

As illustrated in Fig. 2, the estimated Ĥ(u)
b is essential to

mmWave massive MIMO-OTFS systems. According to the
property of the mmWave channels in the ULA, the channel
responses in the same propagation path between two adja-
cent antennas have a phase shift e−j2π d

λ
sin(θ), where d is the

spacing between two adjacent ULA elements, λ represents
the transmission carrier wavelength, and θ indicates the corre-
sponding angle-of-arrival (AoA). Considering the sparse fea-
ture of OTFS channels (11), the channel responses in the same
delay tap can be regarded within the same propagation path.
Hence, by defining θ

(u)
m as the AoA of the mth delay tap be-

tween the uth UT and the BS, and considering the general
OTFS channel model provided in (14), the OTFS channel ma-
trixH(u)

b in (15) can be written as

H
(u)
b = FMD

(u)
b F

H
N , (16)

whereD(u)
b , c(u)b D(u) and

c
(u)
b = diag{[e−j2π d

λ
(b−1)sin(θ (u)

0 ), · · · ,e−j2π d
λ
(b−1)sin(θ (u)

M−1)]},
(17)

where c(u)b represents the effect caused by phase shifting in

each delay tap. Note thatD(u)
b has the same sparse property as

D(u) since c(u)b is a diagonal matrix with unitary exponential
elements.

III. TENSOR-BASED OMP
CHANNEL ESTIMATION

In this section, a novel frequency-time domain pilot design
for mmWave massive MIMO-OTFS systems is firstly intro-
duced. Then we propose a tensor-based low-complexity chan-
nel estimation algorithm on the basis of the OMP method.
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Figure 3 Proposed structures of OTFS symbols: (a) type-1; (b) type-2

A. Pilot Design

Unlike the previous studies which focus on the design of
delay-Doppler domain pilots, we investigate the pilot design
in the frequency-time domain and propose a novel symbol
structure for OTFS uplink training.

As shown in Fig. 3, we propose two novel structures of an
OTFS symbol in the frequency-time domain, where the type-1
in the Fig. 3(a) is designed for the scenario with slow velocity
and the type-2 in the Fig. 3(b) is designed for the high velocity
cases. In both structures, each symbol is divided into multiple
sub-symbols, where each sub-symbol includes a training head
and a data section. In order to avoid pilot contamination, the
non-overlapped lattices should be allocated to different UTs
for training. The difference between these two structures is
the number of pilots assigned to each UT. In the type-1 symbol
structure, one pilot sub-carrier in two consecutive symbols is
alternatively allocated to two UTs. While in the type-2 design,
each pilot sub-carrier in the symbols is only allocated to one
UT. Then the pilot overhead in type-2 structure is twice of that
in type-1 structure. With more pilots, type-2 structure is more
applicable for higher mobility cases.

In the frequency-time domain, we divide the lattice M∆ f ×
NT into two parts, i.e., the training part and the data part. Each
UT is allocated by an Mp∆ f ×NpT pilot block, and the ele-
ments of the pilot block are uniformly allocated in the lattice
M∆ f ×NT . In order to avoid pilot contamination in the up-
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link channel estimation, the pilots’ positions related different
UTs in the lattice have no overlapping area.

Based on the proposed OTFS symbol’s structure, the re-
ceived pilots related to the uth UT can be given by

Ỹ (u) = [Ỹ
(u)

1 , · · · , Ỹ (u)
B ] =

[H̃
(u)
1 �Xp, · · · ,H̃(u)

B �Xp]+ Ṽ
(u), (18)

where Ỹ (u) ∈ CMp×BNp , and Xp ∈ CMp×Np is the transmitted
pilot matrix. Note that since the pilot contamination does not
exist in the proposed OTFS symbol structures of Fig. 3, al-
locating the same pilots Xp to each UT will not degrade the
performance of channel estimation. Our proposed method is
also applicable to the case in which each user is assigned with
a distinct pilot matrix. The frequency-time domain channel
matrix H̃(u)

b , b = 1, · · · ,B, can be expressed as

H̃
(u)
b = F̃

(u)
M D

(u)
b (F̃

(u)
N )H, (19)

where F̃ (u)
M = [FM]Ω f ,u: and F̃ (u)

N = [F N ]Ωt,u:. The sets Ω f ,u

and Ωt,u represent the indices of pilots’ positions in the fre-
quency and the time axes, respectively. For example, in the
type-1 design shown in Fig. 3, the first UT is allocated by
the following pilots’ position as Ω f ,1 = [1, · · · ,1 + (Mp −
1)bM/Mpc], and Ωt,1 = [1,3,5, · · · ,N−1].

The uplink pilot matrix is designed as a rank-one matrix
Xp = xp,1x

T
p,2, where xp,1 ∈CMp×1 and xp,2 ∈CNp×1. Thus

the received pilots from the uth UT to the bth antenna can be
formulated as

Ỹ
(u)

b = diag{xp,1}︸ ︷︷ ︸
X̃p,1

F̃
(u)
M D

(u)
b (F̃

(u)
N )H diag{xp,2}︸ ︷︷ ︸

X̃p,2

+Ṽ
(u)

b ,

(20)

where both X̃p,1 and X̃p,2 are symmetric.
Based on (19) and (20), it is evident that the frequency-

domain channel matrix H̃(u)
b , b = 1, · · · ,B, can be estimated

individually in each BS’s antenna. However, such individual
channel estimation at each antenna does not exploit the cor-
relations in the angular domain among BS’s antennas. In the
next subsection, we will derive the details of the joint chan-
nel estimation by making use of the received pilots of all BS’s
antennas.

B. Low-Complexity Channel Estimation
In the proposed low-complexity channel estimation algo-

rithm (namely the tensor-based OMP algorithm), three steps
are involved, including the tensor decomposition, the parallel
support detection, and the modified OMP channel estimation.
These three steps are deliberately illustrated in sequence in the
following.

From (19) and (20), for the purpose of well estimating the
frequency-time domain channel matrices H(u)

b ,b = 1, · · · ,B
for mmWave massive MIMO-OTFS systems with the aid of
limited pilots, the sparsity of the delay-Doppler domain matri-
cesD(u)

b ,b = 1, · · · ,B is essential and exploited. These sparse

matrices D(u)
b can be parameterized as variables of three di-

mensions, including time delay, Doppler frequency shift, and
angles. Generally, these three dimensions are independent to
each other. Thus, the tensor method, which is widely used to
factorize the signals into more than two dimensions, can be
utilized into channel estimation in this paper.

1) Tensor Decomposition: Let ỹ(u)b = vec{(Ỹ (u)
b )T}, and

Y̌ (u) = [ỹ
(u)
1 , · · · , ỹ(u)B ] ∈ CMpNp×B, then Y̌ (u) can be given as

Y̌ (u) = ((X̃p,1F̃
(u)
M )⊗ (X̃p,2(F̃

(u)
N )∗))×

[vec{(D(u)
1 )T}, · · · ,vec{(D(u)

B )T}]+ V̌ (u), (21)

where

[vec{(D(u)
1 )T}, · · · ,vec{(D(u)

B )T}]Πm:=[(D(u))T]:Πma
T(θ u

m),

(22)

where Πm represents the index set related to the mth delay and
is defined as Πm = [(m−1)Np+1 : 1 : mNp], and a(θ)∈CB×1

is the steering vector of ULA related to the angle θ . If G is
sufficiently large, the off-grid deviation in angular domain can
be ignored. Hence, the steering vector related to any θg can be
represented by the linear combination of angle candidate ma-
trixA∈CB×G and binary selection vector q, i.e., a(θg) =Aq

where the gth element of q is non-zero while others are zero.
Note that the matrixA can also be chosen as DFT matrices[24].
Therefore, the measurements Y̌ (u) can be re-expressed as

Y̌ (u) = (X̃p,1F̃
(u)
M )⊗ (X̃p,2(F̃

(u)
N )∗)×

[[(D(u))T]:1q
T
1 , · · · , [(D(u))T]:Mq

T
M]TAT + V̌ (u),

(23)

where qm is the binary selection vector of the mth delay tap for
choosing the corresponding AoA θm. The results after taking
vectorization to the transpose of Y̌ (u) can be given as

y̌(u) = vec{(Y̌ (u))T}=(
(X̃p,1F̃

(u)
M )⊗ (X̃p,2(F̃

(u)
N )∗)⊗A

)
ď(u)+ v̌(u),

(24)

where ď(u) ∈ CMNG is a structured sparse vector as

ď(u) = vec{[q1[D
(u)]1:, · · · ,qM[D(u)]M:]}. (25)

Let Φ(u) , (X̃p,1F̃
(u)
M )⊗ (X̃p,2(F̃

(u)
N )∗)⊗A, we can find

that y̌(u) is the measurements and the computation of ď(u) can
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A2 ∈ ℂ
Np×N(u)

A3 ∈ ℂ
B×G

Figure 4 Tensor decomposition to the pilot measurements Ỹ
(u)

be regarded as a sparse signal recovery problem with dictio-
nary matrixΦ(u). Such problem can be solved by many greedy
algorithms in the framework of compressed sensing, which
includes OMP method[22]. However, the computational com-
plexity of the traditional OMP method is O(PMpNpBMNG).
As the size of the OTFS symbol and angular resolutions in-
crease, the corresponding complexity of traditional OMP al-
gorithm becomes unsustainable.

In order to reduce the computational complexity, one
low-complexity solution is to focus on the channel esti-
mation at each antenna based on ỹ(u)b = vec{(Ỹ (u)

b )T}, in
which the OMP[22] channel estimation can be performed
by individual antenna with the computational complexity of
O(PMpNpBMN). However, such traditional OMP method
ignores the structural sparsity of the measurements received
from different antennas. Another solution is to use S-OMP[23]

based on Y̌ (u). Nevertheless, the computational complexities
of these two methods are similar, except that the S-OMP ex-
ploits the common sparsity of different antennas in the delay-
Doppler domain. As a consequence, both traditional OMP
and S-OMP still have significant computational complexity
and the structural sparsity is not well exploited in the angu-
lar domain. In order to overcome the challenge of the high
computational complexity, we propose a tensor-based OMP
algorithm by introducing the tensor decomposition to reduce
the size of the sparse vector ď(u).

Given the expression of y̌(u), the pilot measurements can be
regarded as a tensor of three modes in Fig. 4 including delay,
Doppler and angular domains, i.e.,

Ỹ
(u)

=D(u)×1A1×2A2×3A3 + Ṽ
(u)
, (26)

where An represents the matrix for tensor product ×n in
mode-n, and can be expressed as

A1 = X̃p,1F̃
(u)
M , (27)

A2 = X̃p,2(F̃
(u)
N )∗, (28)

A3 =A. (29)

Furthermore, according to the unfolding properties of the
tensor theory, we can respectively stack the received pilots
from the uth UT in three modes as

Ỹ
(u),1

= Ỹ (u) =A1D
(u),1 + Ṽ

(u),1
, (30)

Ỹ
(u),2

= [(Ỹ
(u)

1 )T, · · · ,(Ỹ (u)
B )T] =A2D

(u),2 + Ṽ
(u),2

, (31)

Ỹ
(u),3

= (Y̌ (u))T =A3D
(u),3 + Ṽ

(u),3
, (32)

where Ỹ
(u),n

is a mode-n unfolding matrix of the tensor Ỹ
(u)

,
andD(u),n can be given by

D(u),1 = [D
(u)
1 , · · · ,D(u)

B ](IB⊗ ((F̃
(u)
N )HX̃p,2)), (33)

D(u),2 = [(D
(u)
1 )T, · · · ,(D(u)

B )T](IB⊗ ((F̃
(u)
M )TX̃p,1)), (34)

D(u),3 = [q1[D
(u)]1:, . . . ,qM[D(u)]M:]×

(((F̃
(u)
M )TX̃p,1)⊗ ((F̃

(u)
N )HX̃p,2)). (35)

2) Parallel Support Detection: It is evident that D(u),n is
a row-sparse matrix and its sparsity is independent to the un-
folding matrices in other modes. Hence, their supports can be
parallelly detected. In other words, since the accuracy of es-
timating supports of a mode does not affect that of the other
modes, we can detect the supports of their row vector spaces
simultaneously.

By considering the common row sparsity of each column
vector inD(u),n, a parallel support detection algorithm is pro-
posed in Algorithm 1, where Ŝn is the estimated support con-
taining the sparse rows’ indices of D(u),n, n = 1,2,3. The
corresponding computational complexity of mode-1,2,3 are
O(PMpNpBM), O(PMpNpBN), and O(PMpNpBG), respec-
tively.

The key idea of Algorithm 1 is borrowed from S-OMP[23].
Since Dk is sparse in row vector spaces, the first step of each
iteration is to compute the contribution of each column vector
of An to the residual Rk (from line 4 to 6). Once the support
gmax, which plays an important role in the current residual
Rk, is determined, we combine it with the previous obtained
supports and calculate their total contribution by orthogonal
matching projection (from line 7 to 8). Finally, the residual is
updated by removing the effects from the determined supports
(line 9).

3) Modified OMP Channel Estimation: Based on the ac-
quired supports Ŝ1, Ŝ2, and Ŝ3, the sparse tensor D(u)

with size M × N × G can be greatly reduced as D̃
(u)

,
[D(u)]Ŝ1,Ŝ2,Ŝ3

, and the received measurements in (26) can be
approximated by

Ỹ
(u)
≈ D̃

(u)
×1 [A1]:Ŝ1︸ ︷︷ ︸

Ã1

×2 [A2]:Ŝ2︸ ︷︷ ︸
Ã2

×3 [A3]:Ŝ3︸ ︷︷ ︸
Ã3

+Ṽ
(u)
, (36)
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Algorithm 1 Parallel support detection

Input: pilot measurements Ỹ
(u),n

and dictionary matrixAn.

Output: estimated support Ŝn of mode-n.

1 Initialization: residualR0 = Ỹ
(u),n

, sparse matrixD0 = 0, [I,J]

represents the size of sparse matrixD0 = 0, estimated support set

S0
n = /0, k = 0.

2 while k 6 P do
3 k← k+1;

4 Zk =AH
nR

k−1;

5 gi = ∑
J
j=1 |[Zk]i, j|/‖[An]:i‖2;

6 gmax = argmaxg;

7 Sk = Sk−1 ∪gmax;

8 [Dk]Sk : = [An]
†
:Sk Ỹ

(u),n
;

9 Rk = Ỹ
(u),n
−AnD

k;

10 end
11 Ŝn = SP.

and its vectored expression can be approximated by

y̌(u) ≈ (Ã1⊗ Ã2⊗ Ã3)︸ ︷︷ ︸
Φ̃(u)

d̃(u)+ v̌(u), (37)

where d̃(u) is still sparse, and can be solved by the modified
OMP method in Algorithm 2.

As shown in Algorithm 2, in each iteration, firstly, the sup-
port gmax, whose corresponding vector provides the largest
contribution to the residual rk, is determined by the matching
operation (from line 4 to 10). Then, considering the vector
spaces’ sparsity of Ã1⊗ Ã2⊗ Ã3, the pruning operation is
performed (from line 11 to 13) to the vectors of the support
gmax. After that, the pursuit operation (from line 14 to 16)
is applied by the orthogonal projection to the residual update.
Once the supports of the three domains, i.e., delay, Doppler
and angle, are determined, the frequency-time domain chan-
nel matrix of each antenna can be calculated (from line 19
to 20). The computational complexity of the modified OMP
channel estimation is only O(P4MpNpB).

C. Comparison and Discussion
The comparisons between the traditional OMP[22], the tra-

ditional S-OMP[23] and the proposed tensor-based OMP are
listed in Tab. 1. As shown in the table, the computational
complexity of the proposed tensor-based OMP algorithm is
O(PMpNpB(M + N + G)) +O(P4MpNpB), where the first
term is related to the parallel support detection, and the sec-
ond one corresponds to the modified OMP channel estimation.
Since the path number P is much smaller than M, N and G, the
computational complexity of the proposed algorithms can be
approximated as O(PMpNpB(M+N +G)).

It is apparent that complexity of the tensor-based OMP
method is much less than the traditional OMP and the S-

Algorithm 2 Modified OMP channel estimation

Input: pilot measurements y̌(u), dictionary matrix Φ̃(u), supports

Ŝ1, Ŝ2, Ŝ3.

Output: estimated frequency-time domain mmWave massive

MIMO-OTFS channel matrix Ĥ(u) = [Ĥ
(u)
1 , · · · ,Ĥ(u)

B ].

1 Initialization: residual r0 = y̌(u), dictionary matrix

Φ0 = Ã1⊗Ã2⊗Ã3, d0 = 0, supports

T0 = /0,T0
1 = /0,T0

2 = /0,T0
3 = /0, k = 0.

2 while k 6 P do
3 k← k+1;

4 zk = (Φk−1)Hrk−1;

5 gi = |[zk]i|/‖[Φ̃(u)]:i‖2;

6 gmax = argmaxg;

7 Tk = Tk−1 ∪gmax;

8 Tk
1 = Tk−1

1 ∪dgmax/P2e;
9 Tk

2 = Tk−1
2 ∪d(gmax mod P2)/Pe;

10 Tk
3 = Tk−1

3 ∪ (gmax mod P2) mod P;

11 [Ã1]:Tk
1
= 0;

12 [Ã2]:Tk
2
= 0;

13 [Ã3]:Tk
3
= 0;

14 Φk = Ã1⊗Ã2⊗Ã3;

15 [dk]Tk = [Φ̃(u)]†
:Tk y̌

(u);

16 rk = y̌(u)− Φ̃(u)dk;

17 end

18
̂̃
d
(u)

= dP, T= TP, Ŝ1 = [Ŝ1]TP
1

, Ŝ2 = [Ŝ2]TP
2

, Ŝ3 = [Ŝ3]TP
3

.

19 Ĥ
(u)
b = ∑

P
p=1[FM ]:[Ŝ1 ]p

[F N ]
H
:[Ŝ2 ]p

[
̂̃
d
(u)

][T]p [A]b,[Ŝ3 ]p
.

20 Ĥ(u) = [Ĥ
(u)
1 , · · · ,Ĥ(u)

B ].

Table 1 Comparisons related to the key ideas and the computational com-
plexity

Algorithm Underlying principle Complexity

Traditional OMP
Exploit the sparsity in the

delay-Doppler domain
O(PMpNpBMN)

Traditional
S-OMP

Exploit the sparsity in the
delay-Doppler domain, and
exploit the common sparsity

in different antennas

O(PMpNpBMN)

Proposed tensor-
based OMP

Exploit the sparsity in the
delay-Doppler-angle

domain
O
(
PMpNpB(M+N +G)

)

OMP algorithms. Such benefit is brought by the parallel spar-
sity detection in each dimension. By exploiting the sparsity
in multiple-dimensions via tensor decomposition, the size of
candidates can be significantly reduced.

Hence, it is foreseeable that the tensor-based method can
be also extended to the other classical greedy algorithms in-
cluding generalized OMP[25], subspace pursuit[26], etc., for the
purpose of improving the channel estimation performance, as
the sparse signals can be also decomposed as a tensor with
multiple independent dimensions.
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Figure 5 The NMSE comparison against the SNR in different methods (The
velocity of UT is 140 km/h, and pilot overhead is 2%.)

IV. SIMULATION RESULTS

In this section, we demonstrate the performance of the pro-
posed tensor-based OMP channel estimation algorithm from
the perspective of the normalized mean square error (NMSE),
i.e.,

NMSE =
1
U

U

∑
u=1

‖Ĥ(u)−H(u)‖2
2

‖H(u)‖2
2

. (38)

The adopted system parameters are as follows: The carrier fre-
quency is 28 GHz and the sub-carrier spacing is 15 kHz. The
number of sub-carriers is M = 512 with the interval number
N = 128. The number of antennas of the ULA at BS is B= 64,
and the number of path is P = 5 with maximum delay tap
kmax = 16. As in Ref. [20], each delay tap has a single Doppler
shift generated by the Jakes’ formula, i.e. νp = νmax cos(φp),
where νmax is the maximum Doppler shift determined by UT’s
velocity, and φp is uniformly distributed over [−π,π]. The
number of angular grids we set is G = 64, and the AoAs are
uniformly generated from [−π,π]. The pilot vectors, i.e. xp,1

and xp,2, are randomly generated with elements following in-
dependent normal distribution in the simulations.

Since the channel estimation can be regarded as a sparse
signal recovery problem, the traditional greedy algorithms,
e.g., OMP[22] and S-OMP[23], can be used to estimate
the delay-Doppler domain channel matrix based on ỹ(u)b =

vec{(Ỹ (u)
b )T} and Y̌ (u) = [ỹ

(u)
1 , · · · , ỹ(u)B ], respectively. We

assume that the sparsity, i.e., the path number, has been known
for the traditional OMP, the traditional S-OMP, and our pro-
posed tensor-based OMP.

In Fig. 5, the velocity of UT is set as 140 km/h, and the
pilot design is type-1 presented in Fig. 3(a), where the num-
bers of pilots in the frequency and time axes are Mp = 20 and
Np = 64, respectively, such that the total pilot cost of one UT
is around 2%. As shown in Fig. 5, the traditional S-OMP has
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Proposed tensor-based OMP

Figure 6 The NMSE comparison against pilot overhead in different meth-
ods (The velocity is 140 km/h, and the SNR is 10 dB.)
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Figure 7 The NMSE comparison against the number of UTs (The total pilot
overhead allocated for all UTs is 20%, and the SNR is 10 dB.)

better channel estimation accuracy than the traditional OMP
in low SNR scenario since the traditional S-OMP exploits the
structural sparsity of the delay-Doppler domain in each an-
tenna. However, both of them do not consider the sparsity in
the angular domain. Therefore, by full exploiting the angu-
lar sparsity, the proposed tensor-based OMP can significantly
outperform the traditional OMP and the traditional S-OMP.

In Fig. 6 and Fig. 7, the type-1 pilot is adopted, and the
velocity of UT and SNR are set as 140 km/h and 10 dB,
respectively. In Fig. 7, we assume the maximal total pilot
overhead for all UTs is 20%. As illustrated in Fig. 6 and
Fig. 7, during the low pilot overhead region (i.e., pilot over-
head < 1.5%), the traditional S-OMP performs better than
the proposed tensor-based OMP. The reason is that the tra-
ditional S-OMP requires a lower pilot overhead and thus is
more suitable for low pilot overhead scenarios. In the com-
pressed theory, the pilot overhead requirement of S-OMP can
be regarded as MpNp > O(P ln(MN/P)), while the proposed
tensor-based OMP should satisfy both Mp > O(P ln(M/P))
and Np > O(P ln(N/P)). However, Fig. 6 and Fig. 7 also
demonstrate that, as the pilot overhead increases, the proposed
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Figure 8 The NMSE comparison against the velocity in different methods
(Pilot overhead is 4%, and the SNR is 10 dB.)
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Figure 9 The BER comparison against UT number in different methods
(The velocity is 140 km/h, the SNR is 10 dB, and the pilot overhead allocated
to each UT is 2%.)

tensor-based OMP can bring a significant improvement to the
channel estimation performance.

In Fig. 8, the type-2 symbol structure presented in Fig. 3(b)
is applied. The pilot overhead and the SNR are set as 4%
and 10 dB, respectively. Fig. 8 verifies the robustness of the
proposed tensor-based OMP to the varying velocity, i.e., from
slow speed (80 km/h) to high speed (200 km/h). The results in
Fig. 8 show that, the proposed tensor-based OMP can signifi-
cantly outperform both the traditional OMP and the traditional
S-OMP no matter at the slow speed or at the high speed sce-
narios.

In Fig. 9, we show the bit-error-rate (BER) comparison
achieved by various channel estimation algorithms under the
systems with 16QAM modulation and match filter receiver.
The velocity and SNR are set as 140 km/h and 10 dB, respec-
tively. The pilot overhead of each UT is set as 2%. Clearly,
the proposed tensor-based OMP can provide better BER per-
formance than the traditional OMP and the traditional S-OMP
due to a higher channel estimation accuracy. In the mean-
while, the computational complexity of our proposed algo-
rithm is much less than that of the traditional methods.

V. CONCLUSION

In this paper, we proposed a low complexity tensor-based
OMP algorithm for the channel estimation of mmWave mas-
sive MIMO-OTFS systems. Specifically, we formulated the
channel estimation as a sparse signal recovery problem, and
provided a novel OTFS symbol structure for the pilots in the
frequency-time domain. Based on these frequency-time do-
main pilots, the tensor-based support detection was proposed
to parallelly reduce the dimensions of sparse channels in the
delay, Doppler, and angular domains. As a consequence, the
channels in mmWave massive MIMO-OTFS systems can be
estimated in a low computational complexity. Numerical re-
sults verified the superior performance of the proposed tensor-
based OMP channel estimation algorithm.
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