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Abstract— Group sparse representation (GSR) has made great
strides in image restoration producing superior performance,
realized through employing a powerful mechanism to integrate
the local sparsity and nonlocal self-similarity of images. However,
due to some form of degradation (e.g., noise, down-sampling or
pixels missing), traditional GSR models may fail to faithfully
estimate sparsity of each group in an image, thus resulting in
a distorted reconstruction of the original image. This motivates
us to design a simple yet effective model that aims to address
the above mentioned problem. Specifically, we propose group
sparsity residual constraint with nonlocal priors (GSRC-NLP)
for image restoration. Through introducing the group sparsity
residual constraint, the problem of image restoration is further
defined and simplified through attempts at reducing the group
sparsity residual. Towards this end, we first obtain a good
estimation of the group sparse coefficient of each original image
group by exploiting the image nonlocal self-similarity (NSS) prior
along with self-supervised learning scheme, and then the group
sparse coefficient of the corresponding degraded image group
is enforced to approximate the estimation. To make the proposed scheme tractable and robust, two algorithms, i.e., iterative
shrinkage/thresholding (IST) and alternating direction method
of multipliers (ADMM), are employed to solve the proposed
optimization problems for different image restoration tasks.
Experimental results on image denoising, image inpainting and
image compressive sensing (CS) recovery, demonstrate that the
proposed GSRC-NLP based image restoration algorithm is comparable to state-of-the-art denoising methods and outperforms
several testing image inpainting and image CS recovery methods
in terms of both objective and perceptual quality metrics.
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I. I NTRODUCTION

A

S ONE of the basic problems in the field of image
processing and computer vision, image restoration has
attracted significant interests for many researchers [1]–[18].
It aims to recover the original image from its degraded version,
which can be mathematically modeled as
y = Hx + n,

(1)

where x, y are lexicographically ordered vector representations
of the original image and the degraded image, respectively.
H is a non-invertible linear degradation operator and n is
the vector of some independent white Gaussian noise with
known variance σ n 2 . H is usually modeled differently in
different image restoration tasks. For instance, Eq. (1) denotes
image denoising [1], [2] when H is an identity matrix; it
denotes image deblurring [3], [4] when H is a blur operator,
image inpainting [16], [19] when H is a mask and image
compressive sensing (CS) recovery [17], [20] when H is a
random projection matrix. In this work, we focus on image
denoising, image inpainting and image CS recovery problems.
Image restoration is an ill-posed inverse problem, and in
order to obtain the high quality reconstructed images, image
prior knowledge is usually exploited to regularize the solution
space. In general, image restoration can be formulated as the
following minimization problem,
1
y − Hx22 + λ R(x),
(2)
2
where the first term is the data fidelity and the second term
relies on the employed image priors; λ is a regularization
parameter that balances the trade-off between these two terms.
Due to the ill-posed nature of image restoration problems,
it has been widely recognized that the prior knowledge of
images plays a critical role in improving the performance
of image restoration algorithms. During the past decades,
a variety of image prior models have been proposed, such as
total variation [21]–[23], sparse representation [5]–[7], [11],
nonlocal self-similarity [1], [2], [6], [7], [13] and deep convolutional neural networks (CNN) [24]–[28].
One significant advance in image restoration is to model
the prior on image patches, and the representative work is
sparse representation [5]–[7], [29]–[32]. Generally speaking,
x̂ = arg min
x
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methods of sparse representation can be classified into two
categories: patch sparse representation (PSR) [5], [29], [30]
and group sparse representation (GSR) [6], [7], [31], [32]. PSR
assumed that each patch of an image can be precisely modeled
by a sparse linear combination of some fixed or trainable
basis elements, which are therefore called atoms that compose
a dictionary. The seminal work of K-SVD based dictionary
learning [30] in sparse representation has not only shown
promising denoising performance, but also been extended to
various image processing and computer vision tasks [33],
[34]. However, PSR models usually assumed the independence
between sparsely coded patches, which ignore the correlation
of similar patches [6], [7], [32], and thus limit the performance.
Since image patches with similar structures can be spatially
far from each other and therefore can be collected across
the whole image, the so-called nonlocal self-similarity (NSS)
prior [1] is among the most remarkable priors for image
restoration problems. Fueled by the success of the NSS prior
in image processing, instead of using a single patch as the
basic unit in sparse representation, recent studies have revealed
that GSR model exploits image group as its unit and offers
promising results for numerous image restoration tasks [6], [7],
[31], [32], [35], [36]. For instance, Mairal et al. [6] proposed
to learn simultaneous sparse coding for image restoration,
which assumes that the sparse coefficients of similar patches
share the same support. Zhang et al. [7] proposed an image
restoration approach via the group-based sparse representation
model, which essentially equals to a low-rank minimization
model [37]–[39]. Dong et al. [31] proposed an effective image
restoration model via the Gaussian scale mixture under the
structured sparse representation framework. Zha et al. [32]
learned an adaptive group-based dictionary, which connects
GSR with low-rank minimization models. However, due to the
degradation of the observed image (e.g., noise, down-sampling
or pixel missing), such traditional GSR models may fail to
faithfully estimate the sparsity of each group and therefore
cannot restore the original image in a high fidelity.
Bearing the above concern in mind, in this paper we propose
a novel approach for image restoration, termed Group Sparsity
Residual Constraint with Non-Local Priors (GSRC-NLP).
Specific contributions of this paper are summarized as follows. Firstly, to improve the performance of traditional GSRbased image restoration models, the group sparsity residual
constraint is proposed. In this manner, the problem of image
restoration is further defined and simplified through attempts
at reducing the group sparsity residual. Secondly, through
utilizing the image NSS priors, we obtain a good estimation
of the group sparse coefficient of each original image group
directly from the degraded image, and then the group sparse
coefficient of the corresponding degraded image group is
enforced to approximate the estimation. Thirdly, to make the
optimization tractable, we employ two algorithms to solve
the proposed optimization problems. Experimental results on
three image restoration applications including image denoising, image inpainting and image CS recovery, demonstrate that
the proposed GSRC-NLP based image restoration algorithm
is comparable to state-of-the-art denoising methods, and outperforms several state-of-the-art image inpainting and image
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CS recovery methods both quantitatively and qualitatively. It
is worth noting that the NSS prior is the key to make our
proposed GSRC-NLP model be a self-supervised algorithm
that does not rely on external training data.
The rest of this paper is organized as follows. Section II
presents the modeling of GSRC-NLP. Section III develops
two algorithms to solve the proposed GSRC-NLP based image
restoration problems. Section IV presents the experimental
results and Section V concludes the paper. A preliminary work
has appeared in [40].1
II. M ODELING OF G ROUP S PARSITY R ESIDUAL
C ONSTRAINT W ITH N ON -L OCAL P RIORS
As mentioned above, when there exists the degradation
factors such as noise, down-sampling or pixels missing, traditional GSR models may fail to recover the original image
with a high quality. Therefore, a simple yet effective model
is desired to enhance the performance of traditional GSRbased image restoration models. Hereby, we propose a GSRCNLP model, which attempts to translate the image restoration
problem into the problem of minimizing the group sparsity
residual. The proposed GSRC-NLP is composed of the following steps:
• We first obtain a good estimation of the group sparse
coefficient of each original image group by exploiting the
image NSS prior with self-supervised learning scheme.
• The group sparse coefficient of the corresponding
degraded image group is imposed to approximate the
estimation via minimizing the group sparsity residual.
Therefore, through applying the proposed GSRC-NLP
model, we aim to recover the original image group from the
corresponding degraded image group as accurate as possible
and the recovered original image group is termed as the desired
image group. After obtaining the estimate of all desired image
groups, we can achieve the reconstructed image by putting
the groups back to their original locations and averaging the
overlapped pixels. It is worth noting that the estimation of the
group sparse coefficient of the desired image group and the
group sparse coefficient of the corresponding degraded image
group are updated gradually and jointly in each iteration. Since
the proposed GSRC-NLP is based on the standard GSR model,
we firstly introduce the traditional GSR model in detail below.
A. Group Sparse Representation
GSR-based image restoration models have conducted a
powerful mechanism to integrate the local sparsity and NSS
of images [6], [7], [32], [41]. Since the unit of our proposed
sparse representation model is group, we hereby give a brief
introduction on how to construct the group.
1 Significant work has been performed compared to [40]. Particularly,
we have made the analysis of the proposed GSRC-NLP model and given a
discussion on the differences between our proposed GSRC-NLP and existing
methods in Sec. II. We have made the ADMM algorithm to solve the
proposed GSRC-NLP model for general image restoration problems including
image inpainting and image CS recovery; the gradient descent algorithm is
introduced to solve the CS recovery problem in Sec. III-B. Moreover, extensive
experiments have been presented to demonstrate the superiority, robustness
and convergence of the proposed GSRC-NLP model in Sec. IV.
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As mentioned before, traditional GSR-based models have
achieved excellent results in a variety of image restoration
tasks. However, under diverse degradation cases, for example,
noise, down-sampling or pixels missing, traditional GSR-based
image restoration models might not be capable of estimating
the sparsity of each group faithfully, and thus result in an
inaccurate image restoration [40], [44], [45].
Fig. 1. Comparison between sparsity (columns are sparse, but significantly
different) and group sparsity (each column is sparse and sufficiently similar).

Specifically, an image x with
√ size
√ N is divided into n
overlapped patches xi of size b × b, i = 1, 2, . . . , n. Then,
for each exemplar patch xi , its most similar m patches are
selected from a W × W sized searching window to form a set
K i . Following this, all the patches in K i are stacked into a
data matrix X i ∈ Rb×m , which contains each element of K i
as its column, i.e., X i = {xi,1 , xi,2 , . . . , xi,m }. This matrix X i
consisting of patches with similar structures is thereby called
a group, where {xi, j }mj=1 denotes the j -th patch in the i -th
group. Similar to PSR [5], given a dictionary Di , which is often
learned from each group, such as graph based dictionary [42]
and principe component analysis (PCA) based dictionary [43],
each group X i can be sparsely represented by solving the
following 0 -norm minimization problem,


1
X i − Di Bi 2F + λBi 0 ∀i , (3)
B̂i = arg minBi
2
where Bi represents the group sparse coefficient of the i -th
group X i and λ is a regularization parameter. · F denotes
the Frobenius norm, and ·0 signifies the 0 -norm, counting
the nonzero entries of each column in Bi . Then the entire
image x can be sparsely represented by a set of group sparse
codes {B̂i }ni=1 . Fig. 1 shows the difference between sparsity
and group sparsity.
However, due to the fact that solving 0 -norm minimization
problem is NP-hard, it has been suggested that 0 -norm
minimization in Eq. (3) can be replaced by its convex 1
counterpart,


1
2
X i − Di Bi  F + λBi 1
∀i . (4)
B̂i = arg minBi
2
In image restoration tasks, since the original image is not
available, we start from the degraded image y ∈ R N . Following
the above procedure, we extract each patch yi ∈ Rb from
the degraded image y, and search for its similar patches to
generate n groups, where each group Y i ∈ Rb×m , i.e., Y i =
{yi,1 , yi,2 , . . . , yi,m }. Then, image restoration is translated into
how to restore X i from Y i by using the GSR model, i.e.,


1
2
Y i − Di Ai  F + λAi 1
∀i , (5)
Âi = arg minAi
2
where Ai represents the group sparse coefficient of each group
Y i . Once all the group sparse codes {Âi }ni=1 are obtained,
the underlying high quality image x̂ can be reconstructed as
x̂ = DÂ, where D is the dictionary to sparsely represent
all the groups of the degraded image y and Â denotes a
set of {Âi }ni=1 .

B. Group Sparsity Residual Constraint
Recalling Eq. (4) and Eq. (5), one can observe that, owing
to the influence of degraded factors, it is very difficult to
estimate the original group sparse codes {Bi }ni=1 from the
degraded image y. In other words, each degraded group sparse
coefficient Ai obtained by solving Eq. (5) is expected to be
close enough to the corresponding group sparse coefficient Bi
of the original image x in Eq. (4). Accordingly, the quality
of image restoration largely depends on the group sparsity
residual, which is defined as the difference between each
degraded group sparse coefficient Ai and the corresponding
original group sparse coefficient Bi ,
Ri = Ai − Bi ∀i .

(6)

In order to obtain a good performance in image restoration,
we hope that the group sparsity residual Ri of each group is
as small as possible. Bearing this in mind, we propose the
group sparsity residual constraint (GSRC) model to reduce
the group sparsity residual R = {Ri }ni=1 and to boost up the
accuracy of group sparse coefficient A, which can be written
as


1
Y i − Di Ai 2F + λAi − Bi  p
∀i , (7)
Âi = arg min
2
Ai
where · p represents the  p -norm. It should be noted that
here we enforce p-norm for matrix but the  p -norm is imposed
on each column of Ri in practice. According to Eq. (7), one
can observe that each group sparse coefficient Bi and p are
unknown since the original image x is not available. Therefore,
we will describe how to estimate Bi and determine p below.
In addition, one important issue of the proposed GSRC
model for image restoration is the selection of the dictionary.
There are many studies about learning dictionaries from natural image patches [30], [46], [47]. The dictionary is usually
learned from natural images. Compared to the conventional
analytically designed dictionaries, such as wavelet, curvelet
and DCT [48], dictionaries learned directly from images
have an advantage of being better adapted to image local
structures [44], and therefore could enhance the sparsity that
leads to a higher performance. For instance, the well-known
K-SVD over-complete dictionary has not only preserved image
local structures, but also provided an excellent denoising
performance [30]. However, it has been shown that sparse
representation over an over-complete dictionary is potentially
unstable and apt to produce visual artifacts in image restoration [49]. In this paper, to better adapt to image local structures, instead of learning an over-complete dictionary for each
group Y i as in [6], we learn the PCA based dictionary [43] for
each group Y i . The designed PCA based dictionary learning
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distributions in the log domain in Fig. 2 (d)-(f). Compared to
Gaussian and hyper-Laplacian distribution, it can be seen that
the empirical distribution of R can be well characterized by
the Laplacian distribution. Therefore, we set p = 1 and the
1 -norm is employed to regularize the proposed GSRC model,
which is now taking the form,


1
2
Y i − Di Ai  F + λAi − Bi 1
∀i . (8)
Âi = arg min
2
Ai
D. Estimation of the Unknown Group Sparse Coefficients B

Fig. 2.
The distribution of the group sparsity residual R via different
image restoration tasks. (a)-(c) The distributions in linear domain for image
denoising, image inpainting and image CS recovery, respectively. (d)-(f) The
distributions in log domain for image denoising, image inpainting and image
CS recovery, respectively.

approach is efficient and convenient since it only requires one
eigenvalue decomposition operator for each group Y i , rather
than learning the dictionary from natural image dataset with
a high computational complexity.
C. Determination of the Value of p
It is clear that one important issue in the proposed GSRC
model for image restoration is the determination of p in
Eq. (7). Hereby, we conduct some experiments to investigate
the statistical property of R, where R denotes a set of Ri =
Ai − Bi . A widely used image House is used as an example.
We compute each degraded group sparse coefficient Ai and the
corresponding original group sparse coefficient Bi by solving
Eq. (5) and Eq. (4), respectively. The above designed PCA
based dictionary is used in these experiments. To be concrete,
we plot the empirical distribution of R. Fig. 2 (a) shows the
empirical distribution of R as well as the fitting Gaussian,
Laplacian and hyper-Laplacian distributions, where Gaussian
white noise is added to the image House with standard
deviation σ n = 30. Fig. 2 (b) shows the empirical distribution
of R when 50% pixels are damaged of the image House.
Similarly, Fig. 2 (c) shows the empirical distribution of R
when the image House is compressively sampled by a random
Gaussian matrix with 0.4N measurements and an initial image
is estimated by using the BCS [50] based image CS recovery
method. To better observe the fitting tails, we also plot these

In Eq. (7), besides p, we also need to estimate each group
sparse coefficient Bi , as the original image x is not available in
image restoration applications. There are a variety of methods
to estimate Bi , which depends on the prior knowledge of
the original image x. For instance, if we have many example
images similar to the original image x, then a good estimation
Bi could be learned from an example image dataset [51], [52].
However, under many practical situations, the example image
dataset is simply unavailable. Moreover, a supervised algorithm is usually required to learn some priors to estimate
Bi [26], [53], [54], which needs a significant amount of time
in the learning stage. In our work, inspired by nonlocal means
filtering for image denoising [1], namely, natural images often
contain repetitive structures [6], [7], [31], [32], we learn Bi
directly from input data with self-supervised learning scheme.
We search nonlocal similar patches in the degraded image
to the given patch and use the image NSS prior to estimate
Bi in each iteration. Specifically, for each group including
m nonlocal similar patches, a good estimation of β k can be
computed by the weighted average of each vector α j in Ai .
We have,
m
wjα j,
(9)
βk =
j =1

where Ai = DiT Y i , β k and α j represent the k-th and
j -th vector of Bi and Ai , respectively. w j is the weight

the
and
similar to the nonlocal means method [1], we set the weight
w j inversely proportional to the distance between the target
patch yi and its similar patch yi, j ,

2
1
exp(− yi − yi, j 2 / h),
(10)
L
where h is a predefined constant and L is a normalization
factor [1].
After this, we simply copy β k by m times to estimate Bi ,
i.e.,
wj =

Bi = {β 1 , β 2 , . . . , β m },

(11)

where {β k }m
k=1 denotes the k-th vector in the i -th group sparse
coefficient Bi and they are the same. One can observe that each
column of Bi is similar enough as demonstrated in Fig. 1 (b).
Since the estimation of all group sparse codes {Bi }ni=1 is based
on the image nonlocal priors (NLP), we dub our proposed
model as GSRC-NLP. Our experimental results manifest that
through exploiting the NSS prior of natural images, we are
able to obtain good estimation of the unknown group sparse
coefficient Ai , and the proposed GSRC-NLP model in Eq. (8)
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Fig. 3.

Flowchart of the proposed GSRC-NLP model for image restoration.

can significantly improve the performance of traditional GSRbased image restoration methods (See Section IV for more
details).
Till now, we have introduced the proposed GSRC-NLP
model in detail. We exploit the case of image denoising as
an example and the flowchart of the proposed GSRC-NLP is
presented in Fig. 3.
E. Difference From Existing Methods
In this subsection, we discuss the difference among the
proposed GSRC-NLP, nonlocally centralized sparse representation (NCSR) [44], simultaneous nonlocal self-similarity
(SNSS) [13] and traditional GSR-based image restoration
methods.
The main difference between NCSR and the proposed
GSRC-NLP is that NCSR is essentially a PSR method, while
the proposed GSRC-NLP is based on the GSR model. NCSR
extracted image patches from the degraded image and used
K -means algorithm to generate K clusters. Following this,
it learned K PCA sub-dictionaries from each cluster. However, since each cluster includes hundreds or thousands of
patches, the dictionary learned by PCA from each cluster
may not accurately centralize the image features [55]. The
proposed GSRC-NLP learns the PCA dictionary from each
group and the patches in each group are similar enough, and
therefore, the designed PCA dictionary is more appropriate
to the corresponding group. An additional advantage of the
proposed GSRC-NLP is that it only requires less than 1/3 computational time of NCSR but achieves ∼0.45dB improvement
in PSNR on average over NCSR in image denoising (See
Subsection IV-A for more details).
The main difference of SNSS [13] from the proposed
GSRC-NLP is that SNSS jointly exploits two different NSS
priors and combines them, while the proposed GSRC-NLP
exploits GSRC with a single NSS prior through self-supervised
learning scheme.
The main difference between the proposed GSRC-NLP and
traditional GSR-based image restoration methods [6], [7], [31],
[32], [35] is that the proposed GSRC-NLP employs a reference
group sparse coefficient and imposes the sparsity of group
sparsity residual, rather than directly imposing the sparsity
of group sparse coefficient in traditional GSR-based image
restoration methods. Extensive experimental results demonstrate that the proposed GSRC-NLP method can outperform

many traditional GSR-based image restoration methods in
Section IV.
III. O PTIMIZATION OF THE GSRC-NLP M ODEL
FOR I MAGE R ESTORATION
In this section, two efficient algorithms are employed to
solve the proposed GSRC-NLP model for three image restoration problems, i.e., image denoising, image inpainting and
image CS recovery. We firstly employ iterative shrinkage/
thresholding (IST) approach [56] for image denoising. Since
image inpainting and image CS recovery are large-scale optimization problems, for fast convergence, we adopt alternating
direction method of multipliers (ADMM) approach [57], [58]
to solve the proposed GSRC-NLP based optimization problem,
which is verified to be more effective than IST approach in
our experiments (See subsection IV-D for more details).
A. GSRC-NLP for Image Denoising
In this subsection, the IST approach is employed to solve the
proposed GSRC-NLP based image denoising problem. Specifically, by integrating the proposed group sparsity residual prior
in Eq. (8) into Eq. (2), the sparse representation based image
denoising can be represented by the following minimization
problem,


n
1
2

y
A
− Dα2 +
λ i − Bi 1 , (12)
α̂ = arg min
i=1
2
α
where D represents the dictionary and α is the sparse coefficient. It is noticed that, since the degradation operator H is an
identity matrix in image denoising and we thus omit it here.
As we mentioned before, the unit of our proposed sparse
representation model is group and let x = Dα, Eq. (12) can
be rewritten as


n
1
2
y − x2 +
α̂ = arg min
λ Ai − Bi 1 . (13)
i=1
2
α
In image restoration, we assume that each element of e =
x − y follows an independent zero-mean distribution with
variance σ n 2 . Under this assumption, we have the following
conclusion.
Theorem 1: Define x, y ∈ R N , Xi , Yi ∈ Rb×m , and e j
denotes the j -th element of the error vector e ∈ R N , where
e = x − y. Assume that e j follows an independent zero mean
Gaussian distribution with variance σ n 2 , and therefore for any

Authorized licensed use limited to: Universidade de Macau. Downloaded on July 06,2022 at 06:49:31 UTC from IEEE Xplore. Restrictions apply.

ZHA et al.: GSRC-NLP FOR IMAGE RESTORATION

8965

 > 0, we can represent the relationship between N1 x − y22

and K1 ni=1 Xi − Yi 2F by the following property,



1

1 n
2
2

Xi − Yi  F  <  = 1,
lim P  x − y2 −
N→∞
i=1
N
K
K →∞

Algorithm 1 The Proposed GSRC-NLP for Image Denoising

(14)
where P( ) represents the probability and K = b × m × n.
Proof: See [7].

Based on Theorem 1, we have the following equation with
a very large probability (restricted to 1) at each iteration,
1
1 n
x − y22 =
X i − Y i 2F .
i=1
N
K

(15)

Based on Eq. (13) and Eq. (15), we have,
n
1
arg min x − y22 +
λ Ai − Bi 1
i=1
2
α


n
1
X i − Y i 2F + τ Ai − Bi 1
= arg min
i=1 2
{Ai }ni=1

n  1
Y i − Di Ai 2F + τ Ai − Bi 1 ,
= arg min
i=1 2
{Ai }n
i=1

(16)
where τ = λK
N , X i = Di Ai and Di is a dictionary. It is quite
clear that Eq. (16) can be treated as a GSR problem by solving
n sub-problems for each group Y i [6], [7], [31].
As we mentioned before, we learn the PCA based dictionary
from each group Y i , and therefore each dictionary Di is
orthogonal. In this manner, Eq. (16) can be equally solved
by

n  1
Y i − Di Ai 2F + τ Ai − Bi 1
{Âi }ni=1 =arg min
i=1 2
{Ai }ni=1

n  1
2
Si − Ai  F + τ Ai − Bi 1
= arg min
i=1 2
{Ai }ni=1

n  1


2


si − α i 2 + τ α i − β i 1 ,
= arg min
i=1 2
{α i }n
i=1

(17)
where Y i = Di Si . α i , β i and si denote the vectorization of the
matrix Ai , Bi and Si , respectively. Obviously, the minimization
problem of Eq. (12) can be simplified to solve the minimization in Eq. (17), whose solution is given by the following
Lemma.
Lemma 1: The minimization problem


1
2
a − x2 + τ x − b1
(18)
x̂ = arg min
2
x
has a closed-form solution
x̂ = soft(a − b, τ ) + b,

Following this, for fixed si , β i and τ , based on Lemma 1,
the solution of Eq. (17) is
α̂ i = soft(si − β i , τ ) + β i ∀i ,

(20)

where soft (·) is the soft-thresholding operator [59].
Lastly, the latent clean patch group X̂ i can be calculated by
X̂ i = Di Âi . After obtaining the estimate of all groups {X̂ i },
we get the full image x̂ by putting the groups back to their
original locations and averaging the overlapped pixels. Moreover, we could execute the following denoising procedures
for several iterations for better results. In the t-th iteration,
the iterative regularization strategy [22] is utilized to update
the estimation of the noise variance, and therefore updating
yt . The standard deviation of noise σ n in the t-th iteration is
adjusted as


2
t
σ n = ρ (σ n 2 − y − x̂t 2 ),
(21)
where ρ is a constant.
The parameter λ that balances the fidelity term and the
regularization term can be adaptively determined in each
iteration. Inspired by [60], the regularization parameter λ of
each degraded group Y i is set to
√
c 2 2σ n 2
,
(22)
λ=
(δi + ε)
where δi denotes the estimated standard variance of Ri [37]
and c, ε are constants. The complete description of the
proposed GSRC-NLP for image denoising is presented in
Algorithm 1.

(19)

where soft(x, τ ) = sgn(x) max(abs(x) − τ, 0);
denotes
the element-wise (Hadamard) product, and a, b, x are vectors
of the same dimension.
Proof: See [59].


B. GSRC-NLP for Image Restoration
We now apply the proposed GSRC-NLP to more general
image restoration tasks, where H is not an identity matrix.
Similar to Eq. (12), by integrating the proposed group sparsity
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residual prior in Eq. (8) into Eq. (2), the sparse representation
based image restoration can be formulated by


n
1
2
y − HDα2 + λ
Ai − Bi 1 . (23)
α̂ = arg min
i=1
2
α

Algorithm 2 The Proposed GSRC-NLP for Image Restoration

It can be seen that Eq. (23) is a large-scale optimization
problem. To make the proposed scheme tractable and robust,
we hereby adopt ADMM [58] framework, whose basic idea
is to translate the unconstrained minimization problem into
several constrained sub-problems through variable splitting.
Numerical simulations have shown that it can converge by
only using a small memory footprint, which makes it very
attractive for numerous large-scale optimization problems [61],
[62]. Compared to IST, ADMM is more effective and efficient,
which will be further validated in our experimental results.
Now, let us come back to the problem of Eq. (23). By utilizing ADMM and introducing an auxiliary variable z with
the constraint z = Dα, Eq. (23) can be translated into another
equivalent constrained form,
n
1
λ Ai − Bi 1 ,
α̂ = arg min y − Hz22 +
i=1
2
α
s.t.,
z = Dα.
(24)
Then, Eq. (24) is split into three iterative steps:
2
1
μ
zt +1 = arg min y − Hz22 + z − Dα t − gt 2 ,
(25)
2
2
z
2
n
μ


α t +1 = arg min
λ Ai − Bi 1 + zt +1 − Dα − gt  ,
i=1
2
2
α
(26)
gt +1 = gt − (zt +1 − Dα t +1 ),
(27)
where μ is a balance factor and g is lagrange multiplier.
It can be seen that the minimization of Eq. (24) involves two
minimization sub-problems, i.e., z and α sub-problem. Next,
we will show that there is an efficient solution to each subproblem. Without confusion, the superscript t is omitted for
conciseness in the following derivation.
1) z Sub-Problem: Given α, z sub-problem in Eq. (25)
becomes
1
μ
arg min Q1 (z) = arg min y − Hz22 + z − Dα − g22 ,
2
2
z
z
(28)

In this manner, it only requires an iterative calculation of
the following equation to solve z sub-problem in image CS
recovery, i.e.,
ẑ = z − η(H T Hz − H T y + μ(z − Dα − g)),

where H T H and H T y can be calculated in advance.
2) α Sub-Problem: Given z, α sub-problem in Eq. (26) can
be rewritten as
1
λ n
Ai − Bi 1 ,
arg min Q2 (α) = arg min x − l22 +
i=1
2
μ
α
α
(32)
where l = z − g and x = Dα.
Based on Theorem 1, we have the following equation with
a very large probability (restricted to 1) in each iteration,
1 n
1
X i − Li 2F ,
x − l22 =
i=1
N
K

which has a closed-form solution
ẑ = (H T H + μI)−1 (H T y + μ(Dα + g)),

(29)

where I is an identity matrix with the desired dimension.
Thanks to the specific structure of H in image inpainting,
Eq. (28) can be computed efficiently without matrix inversion.
However, since H is a random projection matrix without a
special structure in image CS recovery, computing the inverse
by Eq. (29) in each iteration is costly. To mitigate this
issue, an iterative algorithm is employed to solve Eq. (28).
Specifically, we adopt the gradient descent method [63], i.e.,
ẑ = z − ηq,

(30)

where q is the gradient direction of the objective function
Q1 (z), and η represents the step size.

(31)

(33)

where Li is a matrix with size is b × m.
Based on Eq. (32) and Eq. (33), we have,
1
λ n
Ai − Bi 1
arg min x − l22 +
i=1
2
μ
α


n
1
2
X i − Li  F + ψ Ai − Bi 1
= arg min
i=1 2
{Ai }ni=1

n  1
Li − Di Ai 2F + ψ Ai − Bi 1 ,
= arg min
i=1 2
{Ai }n
i=1

(34)
where ψ =

λK
μN .
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at: https://drive.google.com/open?id=1jWtRQ9mUxVzBR0pec
ArQ1hyOUDZI-ogZ.
A. Image Denoising

Fig. 4. Parts of test images for the experiments. Top row, from left to
right: Mickey, Lena, Flower, boats, Bahoon, Airplane, Windows, Pentagon,
Fireman, Foreman. Middle row, from left to right: Lin, Plants, Monarch,
Tower, Leaves, Nanna, Straw, Cowboy, House, J. Bean. Bottom row, from
left to right: Butterfly, Man, Lake, Starfish, Zebra, Fingerprint, Girl, Mural,
Light, Fence.

Again, due to the fact that the designed PCA based dictionary Di is orthogonal, Eq. (34) can be rewritten as

n  1
n
2
Li − Di Ai  F +ψ Ai − Bi 1
{Âi }i=1 = arg min
i=1 2
{Ai }ni=1

n  1
2
U i − Ai  F + ψ Ai − Bi 1
= arg min
i=1 2
{Ai }ni=1

n  1


υ i − α i 22 + ψ α i − β i 1 ,
= arg min
i=1 2
{α i }n
i=1

(35)
where Li = Di U i . α i , β i and υ i denote the vectorization of
the matrix Ai , Bi and U i , respectively.
Thereby, the minimization problem of Eq. (32) can be
simplified to solve the minimization in Eq. (35). Then, for a
fixed β i , υ i and ψ, using Lemma 1, the closed-form solution
of Eq. (35) can be given by
α̂ i = soft(υ i − β i , ψ) + β i ∀i .

(36)

So far, the above two sub-problems z and α have been solved.
We can obtain an efficient solution by solving each subproblem separately, which can guarantee the whole algorithm
to be efficient and effective. The complete description of the
proposed GSRC-NLP model for image restoration employing
ADMM framework is presented in Algorithm 2.
IV. E XPERIMENTAL R ESULTS
In this section, extensive experimental results are presented
to evaluate the restoration performance of the proposed
GSRC-NLP, including image denoising, image inpainting
and image CS recovery. To evaluate the quality of the
recovered images, both PSNR and structural similarity
(SSIM) [69] metrics are used. Some experimental test images
are shown in Fig. 4. The source codes of all competing
methods are obtained from the original authors and we used
the default parameter settings.2 For color images, image
restoration operators are only performed to the luminance
component in this paper. Due to the limited space, please
enlarge and view the tables and figures on the screen
for better visualization. The source code of our proposed
GSRC-NLP model for image restoration can be downloaded
2 We would like to thank the authors of [2], [6], [7], [16], [17], [19], [24],
[26], [44], [45], [50], [54], [64]–[66], [68], [70]–[89] for kindly providing
their software.

In this subsection, we report the performance of the
proposed GSRC-NLP for image denoising and compare it
with some leading denoising methods, including BM3D [2],
LSSC [6], EPLL [64], Plow [65], NCSR [44], PGPD [66],
AST-NLS [45], OGLR [67] and NLN-CDR [68]. Note that
BM3D, LSSC, EPLL, Plow, PGPD, OGLR and NLN-CDR
are the GSR-based or NSS-based image denoising methods.
NCSR and AST-NLS are sparsity residual based image denoising methods. The parameter setting of the proposed GSRCNLP for image denoising is as follows. The searching window
W × W√is set to 25 × 25 and ε is set to 0.2. The size of patch
√
b × b is set to 6 × 6, 7 × 7, 8 × 8 and 9 × 9 for σ n ≤20,
20< σ n ≤50, 50< σ n ≤75 and σ n >75, respectively. The
parameters (c, γ , ρ, m, h) are set to (0.7, 0.2, 0.6, 60, 45), (0.6,
0.1, 0.6, 60, 60), (0.7, 0.1, 0.5, 70, 80), (0.7, 0.1, 0.5, 80, 115),
(0.7, 0.1, 0.5, 90, 160) and (1, 0.1, 0.5, 100, 160) for σ n ≤20,
20< σ n ≤30, 30< σ n ≤40, 40< σ n ≤50, 50< σ n ≤75 and
σ n >75, respectively.
Due to the limited space, we only present the denoising
results of 13 widely used test images at four noise levels,
i.e., Gaussian white noise with standard deviations σ n = {30,
40, 50, 75}. As shown in Table I, the proposed GSRC-NLP
outperforms other competing methods in most cases in terms
of PSNR. The average gains of the proposed GSRC-NLP
over BM3D, LSSC, EPLL, Plow, NCSR, PGPD, AST-NLS,
OGLR and NLN-CDR are 0.34dB, 0.31dB, 0.70dB, 0.75dB,
0.42dB, 0.19dB, 0.15dB, 0.46dB and 0.90dB, respectively.
The SSIM results under these noise levels for all competing
denoising methods are reported in Table II. One can observe
that the proposed GSRC-NLP can also obtain better results
than other competing methods. In particular, in terms of SSIM,
our proposed GSRC-NLP consistently outperforms other competing methods under high noise levels σ n = 75. The visual
comparisons of different denoising methods with two images
House and boats are shown in Fig. 5 and Fig. 6, respectively. It
can be seen that BM3D, LSSC, AST-NLS and NLN-CDR are
prone to over-smooth the images, while EPLL, Plow, NCSR,
PGPD and OGLR generate some undesired visual artifacts.
In contrast, the proposed GSRC-NLP is able to preserve the
image local structures and suppress undesirable visual artifacts
more effectively than other competing approaches.
Furthermore, we compare the proposed GSRC-NLP with the
WNNM method [71], which is a well-known low-rank method
that delivers state-of-the-art denoising result. The average
PSNR and SSIM results are shown in Table III. One can
observe that the PSNR results of the proposed GSRC-NLP are
slightly (≤0.1dB) lower than WNNM. Nonetheless, it is wellknown that the computational time is an important criterion
to evaluate a denoising algorithm. As shown in Table IV, one
can observe that the proposed GSRC-NLP only requires about
half computational time than that of WNNM method. We will
introduce the computational time of the competing methods
below.
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TABLE I
PSNR (dB) C OMPARISON OF BM3D [2], LSSC [6], EPLL [64], P LOW [65], NCSR [44], PGPD [66], AST-NLS [45],
OGLR [67], NLN-CDR [68] AND GSRC-NLP FOR I MAGE D ENOISING

TABLE II
SSIM C OMPARISON OF BM3D [2], LSSC [6], EPLL [64], P LOW [65], NCSR [44], PGPD [66], AST-NLS [45],
OGLR [67], NLN-CDR [68] AND GSRC-NLP FOR I MAGE D ENOISING

We also compare the proposed GSRC-NLP with deep
learning methods including MLP [88] and TNRD [89].
We test all competing methods over Set12 dataset [90],
which is still a denoising benchmark dataset. As can be
seen in Table V, on average, our proposed GSRC-NLP
consistently outperforms two other competing methods. The
visual comparison of image 09 in Set12 dataset is shown
in Fig. 7. One can observe that the proposed GSRC-NLP

produces more details with comparison to two other competing
methods.
The proposed GSRC-NLP method can be used to real
image denoising. We compare the proposed GSRC-NLP with
Noise2Noise method [87], which is a state-of-the-art real
denoising method. The denoising results of two real images
with more tanglesome noise by Noise2Noise and the proposed
GSRC-NLP methods are shown in Fig. 8. One can observe
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TABLE III
AVERAGE PSNR AND SSIM R ESULTS OF GSRC-NLP AND WNNM [71]
ON 13 T EST I MAGES FOR I MAGE D ENOISING

TABLE IV
Fig. 5. Denoising results of image House by different methods (noise level σ n
= 75). (a) Original image; (b) Noisy image; (c) BM3D [2] (PSNR = 27.51dB);
(d) LSSC [6] (PSNR = 27.75dB); (e) EPLL [64] (PSNR = 26.70dB); (f) Plow
[65] (PSNR = 26.52dB); (g) NCSR [44] (PSNR = 27.16dB); (h) PGPD [66]
(PSNR = 27.81dB); (i) AST-NLS [45] (PSNR = 28.06dB); (j) OGLR [67]
(PSNR = 27.10dB); (k) NLN-CDR [68] (PSNR = 27.07dB); (l) GSRC-NLP
(PSNR = 28.59dB).

Fig. 6. Denoising results of image boats by different methods (noise level σ n
= 75). (a) Original image; (b) Noisy image; (c) BM3D [2] (PSNR = 24.82dB);
(d) LSSC [6] (PSNR = 24.62dB); (e) EPLL [64] (PSNR = 24.33dB); (f) Plow
[65] (PSNR = 24.23dB); (g) NCSR [44] (PSNR = 24.44dB); (h) PGPD [66]
(PSNR = 24.83dB); (i) AST-NLS [45] (PSNR = 24.76dB); (j) OGLR [67]
(PSNR = 24.40dB); (k) NLN-CDR [68] (PSNR = 24.41dB); (l) GSRC-NLP
(PSNR = 24.94dB).

that Noise2Noise is apt to generate over-smooth effect, while
our proposed GSRC-NLP method can retain fine image details.
Consequently, the proposed GSRC-NLP method is feasible for
practical image denoising application.
Efficiency is another key factor in evaluating a denoising algorithm. To evaluate the computational time of the
competing methods, we compare the computational time on
13 widely test images at different noise levels. All experiments
are conducted under the Matlab 2015b environment on a
computer with Intel (R) Core (TM) i3-4150 with 3.56Hz
CPU and 4GB memory, and Windows 10 platform. The
LSSC method is implemented in Linux platform, and therefore
we do not show its computational time here. The average
running time (in seconds) of different methods is shown
in Table IV. It can be seen that the proposed GSRC-NLP uses
less computational time than all compared methods except
for BM3D, EPLL and PGPD. In particular, the proposed
GSRC-NLP only needs less than 1/3 computational time of
NCSR and about 1/2 computational time of Plow, LINC,
AST-NLS, OGLR, WNNM and NLN-CDR. Note that, BM3D
is implemented with compiled C++ mex-function and is
performed in parallel. EPLL and PGPD are based on learning
methods, which require a significant amount of time in the
learning stage. Therefore, the proposed GSRC-NLP for image
denoising enjoys a competitive speed.
It is well-known that image denoising is an ideal test bench
to measure different statistical image models. Obviously, these

AVERAGE RUNNING T IME ( S ) BY D IFFERENT D ENOISING M ETHODS

TABLE V
AVERAGE PSNR (dB) RESULTS OF MLP [88], TNRD [89] AND
GSRC-NLP FOR I MAGE D ENOISING ON S ET 12 D ATASET [90]

Fig. 7. Denoising results of image 09 of Set12 dataset [90] by different
methods (noise level σ n = 50). (a) Original image; (b) Noisy image; (c) MLP
[88] (PSNR = 25.24dB); (d) TNRD [89] (PSNR = 25.70dB); (e) GSRC-NLP
(PSNR = 27.50dB).

experimental results have demonstrated that the proposed
GSRC-NLP is a beneficial image model.
B. Image Inpainting
We now present the experimental results of the proposed
GSRC-NLP for image inpainting. We generate the mask with
different partial random samples. Specifically, we show the
image inpainting results on four partial random samples, i.e.,
80%, 70%, 60% and 50% pixels missing. The parameter
setting of the proposed GSRC-NLP for image inpainting is
as follows. The searching
W × W is set to 25 × 25
√
√ window
× 8. The number
and the size of patch b × b is set to 8 √
of similar patches m is set to 60 and σ n = 2, ε = 0.4. The
parameters (μ, c) are set to (0.007, 0.0005), (0.003, 0.0001),
(0.009, 0.0001) and (0.05, 0.0005) for 80%, 70%, 60% and
50% pixels missing, respectively.
We compare the proposed GSRC-NLP with thirteen competing methods including SALSA [72], BPFA [16], IPPO [73],
JSM [74], Aloha [19], GSR [7], ISD-SB [75], NGS [76],
BKSVD [77], JPG-SR [83], TSLRA [84], IR-CNN [24] and
IDBP [85]. It is worth noting that BPFA, IPPO, JSM and
GSR are image inpainting baseline methods. Our previous
work JPG-SR jointly considers local sparsity and nonlocal
sparsity constraints. TSLRA is a low-rank method that delivers
state-of-the-art image inpainting result. IR-CNN and IDBP are
the deep learning based methods, which exploit strong deep
CNN priors. In Table VI, we report the PSNR results for a
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TABLE VI
PSNR (dB) C OMPARISON OF SALSA [72], BPFA [16], IPPO [73], JSM [74], A LOHA [19], GSR [7], ISD-SB [75], NGS [76], BKSVD [77],
JPG-SR [83], TSLRA [84], IR-CNN [24], IDBP [85] AND GSRC-NLP FOR I MAGE I NPAINTING

Fig. 8. Denoising results on two real images by Noise2Noise [87] and our
proposed GSRC-NLP method.

collection of 12 color images for all competing methods. It
can be seen that the proposed GSRC-NLP achieves better
PSNR results than other competing methods in most cases.
On average, our proposed GSRC-NLP enjoys a PSNR performance gain over SALSA by 3.20dB, over BPFA by 1.81dB,
over IPPO by 0.73dB, over JSM by 1.02dB, over Aloha by
1.33dB, over GSR by 0.59dB, over ISD-SB by 4.35dB, over
NGS by 2.27dB, over BKSVD by 2.41dB, over JPG-SR by
0.19dB, over TSLRA by 1.09dB, over IR-CNN by 0.28dB
and over IDBP by 1.01dB. In particular, we can see that
under the conditions of high pixels missing, e.g., 80% pixels
missing, our proposed GSRC-NLP consistently outperforms
other competing methods for all test images in terms of PSNR
(the only exception is the image Bahoon for which IR-CNN
is slightly higher than our proposed method).
The visual comparisons of image Light and Tower with
80% pixels missing are shown in Fig. 9 and Fig. 10, respectively. One can observe that SALSA and ISD-SB methods
cannot recover sharp edges and fine details. BPFA, IPPO,
JSM, Aloha, GSR, NGS, BKSVD, TSLRA, IR-CNN and

Fig. 9.
Inpainting performance comparison of the image Light.
(a) Original image; (b) Degraded image with 80% pixels missing sample; (c) SALSA [72] (PSNR = 18.27dB); (d) BPFA [16]
(PSNR = 19.23dB); (e) IPPO [73] (PSNR = 21.49dB); (f) JSM [74]
(PSNR = 20.23dB); (g) Aloha [19] (PSNR = 21.50dB); (h) GSR [7]
(PSNR = 21.33dB); (i) ISD-SB [75] (PSNR = 17.53dB); (j) NGS [76]
(PSNR = 18.52dB); (k) BKSVD [77] (PSNR = 18.77dB); (l) JPG-SR [83]
(PSNR = 22.12dB); (m) TSLRA [84] (PSNR = 21.73dB); (n) IR-CNN [24]
(PSNR = 20.82dB); (o) IDBP [85] (PSNR = 19.31dB); (p) GSRC-NLP
(PSNR = 22.41dB).

IDBP methods can obtain a much better visual quality than
SALSA and ISD-SB methods, but they still suffer from some
undesirable visual artifacts, such as the ringing artifacts. The
proposed GSRC-NLP is able to preserve the sharp edges
and suppress undesirable visual artifacts more effectively than
other competing methods. Compared to our proposed GSRCNLP, our previous work JPG-SR can achieve similar visual
results, because it exploits local sparsity and NSS priors simultaneously. Nonetheless, the proposed GSRC-NLP achieves
better objective evaluation results than JPG-SR in Table VI.
Through image inpainting task, one can observe that the
proposed GSRC-NLP not only achieves better results than
many GSR-based methods (e.g., JSM, GSR, NGS and JPGSR) or NSS-based methods (e.g., IPPO, Aloha and TSLRA),
but also outperforms two strong deep learning based methods.
C. Image CS Recovery
In this subsection, we conduct experiments to validate
the performance of the proposed GSRC-NLP for image CS
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TABLE VII
PSNR (dB) C OMPARISON OF BCS [50], TVNLR [78], RCOS [17], SGSR [79], ALSB [80], GSR [7], JASR [70], ASNR [81], NGS [76], PMDSE [82]
AND GSRC-NLP FOR I MAGE CS R ECOVERY

Fig. 10. Inpainting performance comparison on the image Tower. (a) Original
image; (b) Degraded image with 80% pixels missing sample; (c) SALSA [72]
(PSNR = 22.85dB); (d) BPFA [16] (PSNR = 23.94dB); (e) IPPO [73]
(PSNR = 24.50dB); (f) JSM [74] (PSNR = 24.59dB); (g) Aloha [19]
(PSNR = 23.88dB); (h) GSR [7] (PSNR = 24.11dB); (i) ISD-SB [75]
(PSNR = 21.47dB); (j) NGS [76] (PSNR = 23.47dB); (k) BKSVD [77]
(PSNR = 22.93dB); (l) JPG-SR [83] (PSNR = 24.86dB); (m) TSLRA [84]
(PSNR = 24.26dB); (n) IR-CNN [24] (PSNR = 24.39dB); (o) IDBP [85]
(PSNR = 23.65dB); (p) GSRC-NLP (PSNR = 25.05dB).

recovery. We generate the CS measurements at the block
level [20] by exploiting Gaussian random projection matrix
to test images, i.e., the block-based CS recovery with block
size of 32 × 32 [50]. To be concrete, we present image CS
recovery results on four CS measurements, i.e., 0.1N, 0.2N,
0.3N and 0.4N measurements.√The √
parameters are set as
follows. The size of each patch b × b is set to 8 × 8 and
the searching window W × W is set to 25 ×√
25. The searching
matched patches m is set to 60 and σ n = 2, ε = 0.4. The
parameters (μ, c) are set to (0.009, 0.0003), (0.3, 0.001), (0.3,
0.0007) and (0.3, 0.0003) for 0.1N, 0.2N, 0.3N and 0.4N CS
measurements, respectively.
We compare the proposed GSRC-NLP against ten competing CS recovery methods, including BCS [50], TVNLR [78],
RCOS [17], SGSR [79], ALSB [80], GSR [7], JASR [70],
ASNR [81], NGS [76] and PMDSE [82]. Note that ASNR
is our previous work, which exploited the NCSR model
[44] under the ADMM framework for image CS recovery.

Fig. 11. Visual comparison of Plants by image CS recovery with 0.1N
measurements. (a) Original image; (b) BCS [50] (PSNR = 27.39dB);
(c) TVNLR [78] (PSNR = 28.87dB); (d) RCOS [17] (PSNR = 29.83dB);
(e) SGSR [79] (PSNR = 30.19dB); (f) ALSB [80] (PSNR = 30.54dB);
(g) GSR [7] (PSNR = 31.21dB); (h) JASR [70] (PSNR = 31.18dB);
(i) ASNR [81] (PSNR = 31.51dB); (j) NGS [76] (PSNR = 29.47dB);
(k) PMDSE [82] (PSNR = 26.29dB); (l) GSRC-NLP (PSNR = 32.04dB).

GSR and JASR are the recently recently proposed blockbased image CS recovery methods that deliver state-of-the-art
reconstruction results. The PSNR results of 12 widely used
images by all competing CS recovery methods are shown
in Table VII. One can observe that the proposed GSRCNLP performs competitively compared to other CS recovery
methods. In terms of PSNR, the average gains of the proposed
GSRC-NLP over BCS, TVNLR, RCOS, SGSR, ALSB, GSR,
JASR, ASNR, NGS and PMDSE methods are 5.31dB, 4.10dB,
2.28dB, 1.27dB, 1.36dB, 0.42dB, 0.70dB, 0.38dB, 3.05dB
and 5.64dB, respectively. In particular, the proposed GSRCNLP consistently outperforms other competing methods for
all test images under small CS measurements, i.e., 0.1N. The
visual comparison results of image Plants and image Pentagon
with 0.1N CS measurements are presented in Fig. 11 and
Fig. 12, respectively. It can be seen that BCS and PMDSE
methods cannot achieve well perceptual results. TVNLR,
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Fig. 13. Visual comparison of Barbara by image CS recovery with 0.1N
measurements. (a) Original image; (b) ReconNet [53] (PSNR = 21.89dB);
(c) IST-Net+ [26] (PSNR = 23.61dB); (d) CSNet [54] (PSNR = 24.37dB);
(e) GSRC-NLP (PSNR = 29.71dB).
Fig. 12.
Visual comparison of Pentagon by image CS recovery with
0.1N measurements. (a) Original image; (b) BCS [50] (PSNR = 22.14dB);
(c) TVNLR [78] (PSNR = 22.26dB); (d) RCOS [17] (PSNR = 23.30dB);
(e) SGSR [79] (PSNR = 23.05dB); (f) ALSB [80] (PSNR = 23.16dB);
(g) GSR [7] (PSNR = 23.06dB); (h) JASR [70] (PSNR = 23.80dB);
(i) ASNR [81] (PSNR = 23.20dB); (j) NGS [76] (PSNR = 22.20dB);
(k) PMDSE [82] (PSNR = 21.21dB); (l) GSRC-NLP (PSNR = 24.28dB).
TABLE VIII
AVERAGE PSNR (dB) COMPARISON OF SDA [86], R ECON N ET [53],
IST-N ET [26], IST-N ET+ [26], CSN ET [54] AND GSRC-NLP
M ETHODS ON S ET 11 [53] D ATASET

RCOS and NGS methods often generate over-smooth results,
while ALSB, GSR, JASR and ASNR methods still suffer from
some undesirable visual artifacts. In contrast, the proposed
GSRC-NLP not only preserves large-scale shape edges and
small-scale fine image details, but also removes most of the
visual artifacts more effectively.
Recently, deep learning based techniques for image CS
recovery have attracted significant attentions due to their
impressive performance [26], [53], [54], [86]. We now compare our proposed GSRC-NLP with recently deep learning
based methods including SDA [86], ReconNet [53], ISTNet [26], IST-Net+ [26] and CSNet [54]. It is worth noting
that CSNet utilized a CS based convolutional neural network
that delivers state-of-the-art CS reconstruction performance.
We follow [26] to use the images on Set11 [53] as the test
images. The average PSNR results of the proposed GSRCNLP as well as the competing deep learning based methods
on four sampling ratios are shown in Table VIII. On average,
the proposed GSRC-NLP achieves a PSNR gain over SDA by
8.16dB, over ReconNet by 5.89dB, over IST-Net by 1.79dB,
over IST-Net+ by 1.02dB and over CSNet by 0.75dB. The
visual comparisons of images Barbara and House with 0.1N
CS measurements are shown in Fig. 13 and Fig. 14, respectively. It can be observed that some visual artifacts are still
visible in all deep learning based methods. We can clearly
see that ReconNet and IST-Net+ methods still suffer from
staircase artifacts, while CSNet often over-smooths the images.
In contrast, our proposed GSRC-NLP not only significantly
suppresses undesirable artifacts, but also preserves large-scale
sharp edges and small-scale fine details. These experiments

Fig. 14. Visual comparison of House by image CS recovery with 0.1N
measurements. (a) Original image; (b) ReconNet [53] (PSNR = 25.69dB);
(c) IST-Net+ [26] (PSNR = 30.84dB); (d) CSNet [54] (PSNR = 32.36dB);
(e) GSRC-NLP (PSNR = 34.33dB).

Fig. 15. Comparison between ADMM [58] and IST [56]. (a) PSNR results
achieved by ADMM and IST with 0.1N measurements for Lin. (b) PSNR
results achieved by ADMM and IST with 0.4N measurements for Foreman.

further demonstrate that the proposed GSRC-NLP is a promising image model.
D. Comparison Between ADMM and IST
Due to the slow convergence of IST approach [56] in largescale problems, the ADMM approach [58] is employed to
solve the proposed GSRC-NLP model in image inpainting and
image CS recovery. In this subsection, to verify the advantage
of the proposed scheme, we adopt IST approach to solve the
proposed GSRC-NLP model of Eq. (23) for image CS recovery. We will make a comparison between ADMM and IST
with 0.1N CS measurements and 0.4N CS measurements for
image Lin and image Foreman, respectively. Fig. 15 displays
the PSNR results achieved by solving the proposed GSRCNLP model of Eq. (23) with ADMM and IST approaches.
One can observe that the ADMM (blue line) converges much
faster and is more effective (about 1dB improvement) than IST
(green line).
E. Computational Complexity
The computational cost for the proposed GSRC-NLP based
image restoration algorithm is roughly O(nTs +nmb 2 ) per iteration, corresponding to block matching (BM) with Ts being the
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Fig. 16. Convergence behavior. (a) PSNR results versus iteration number for
image inpainting with 70% pixels missing. (b) PSNR results versus iteration
number for image CS recovery with 0.1N measurements.

BM time for each reference patch and sparse representation for
image groups, respectively. In practice, the proposed algorithm
scales as O(nTs +nmb 2 ) which is on par with two well-known
non-local methods, i.e., BM3D [2] and WNNM [71].
F. Convergence Analysis
We now analyze the convergence of the proposed algorithm.
In image inpainting, by taking the case of image inpainting
with 70% pixels missing for image Cowboy, Mickey, Girl
and Mural as examples, Fig. 16 (a) plots the curves of the
PSNR values versus the iteration numbers for these examples.
Similarly, by taking the case of image CS recovery with 0.1N
CS measurements for image Fence, Lin, Lena and Pentagon as
examples, we plot the curves of the PSNR values versus the
iteration numbers for them in Fig. 16 (b). It is clear that in both
cases with the increase of the iteration numbers, the PSNR
curves gradually increase and finally become flat and stable.
Therefore, our proposed GSRC-NLP algorithm exhibits good
stability on convergence.
V. C ONCLUSION
To improve the performance of traditional GSR-based image
restoration approaches, we have introduced the concept of the
group sparsity residual, and the problem of image restoration
is thus translated into how to reduce the group sparsity
residual. To this end, a good estimation of the group sparse
coefficient of each original group is obtained by exploiting the image nonlocal self-similarity prior along with selfsupervised learning scheme, and then the group sparse coefficient of the corresponding degraded image group is imposed
to approximate the estimation. Moreover, we have employed
two algorithms, i.e., IST and ADMM, to solve the proposed
optimization problems. Experimental results on three image
restoration tasks, including image denoising, image inpainting
and image CS recovery, have demonstrated that the proposed
algorithm is comparable to the testing denoising methods,
and outperforms several state-of-the-art image inpainting and
image CS recovery methods in terms of both objective and
perceptual quality metrics.
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