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Abstract—The state-of-the-art graph wavelet decomposition was
constructed by maximum spanning tree (MST)-based downsam-
pling and two-channel graph wavelet filter banks. In this work,
we first show that: 1) the existing MST-based downsampling could
become unbalanced, i.e., the sampling rate is far from 1/2, which
eventually leads to low representation efficiency of the wavelet de-
composition; and 2) not only low-pass components, but also some
high-pass ones can be decomposed to potentially achieve better de-
composition performance. Based on these observations, we propose
a new framework of adaptive multiscale graph wavelet decompo-
sition for signals defined on undirected graphs. Specifically, our
framework consists of two phases. Phase 1, called pre-processing,
addresses the downsampling unbalance issues. We design maximal
decomposition level estimation, unbalance detection, and unbal-
ance reduction algorithms such that the downsampling rates of all
levels are close to 1/2. Phase 2 concerns about adaptively finding
low- or high-pass components that are worthy to be decomposed to
improve the compactness of the decomposition. We suggest a graph
signal Shannon-entropy-based adaptive decomposition algorithm.
With applications on synthetic and real-world graph signals, we
demonstrate that our framework provides better performance in
terms of downsampling balance and signal compression, compared
with other graph wavelet decomposition methods.

Index Terms—Graph signal, downsampling unbalance, maxi-
mum spanning tree (MST), adaptive multiscale decomposition,
graph signal Shannon entropy.
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I. INTRODUCTION

MANY types of modern real-world data can be modeled
as signals with complex underlying structures, which

naturally reside on irregular domains, such as sensor networks,
social networks and graphs. These data are called graph signals
in the emerging filed of graph signal processing [1], [2], where
the signals are considered as functions defined on the vertices
of the graphs, and the edges are assigned weights for measuring
the similarities or dependencies of the signal elements. Due to
the underlying irregular structures, classical signal processing
methods are not well-fitted to the graph signals. In recent years,
researchers have been working on extending the classical signal
processing methods to the graph signals by considering the
underlying graph structures [3]–[13].

In classical signal and image processing, multiscale decom-
positions produced by discrete wavelet transform (DWT) pro-
vide convincible solutions for many problems such as denois-
ing and compression [14]. By extending the classical wavelet
transform to graph signals, wavelets on graphs were designed
from various perspectives, to name a few, CKWT [6], Haar-like
wavelets [7], diffusion wavelets and diffusion wavelet packets
[8], [9], spectral wavelets [5], tree-based wavelets [10], average-
interpolating wavelets [11], and wavelets via deep learning [13].
Similar to the classical DWT, multiscale graph wavelet decom-
position (MGWD) was obtained by using graph wavelet filter
banks (GWFBs) and graph signal downsampling [15]. GWFBs
were designed in [15]–[19] by taking advantage of the spectral
graph theory [20], for the purpose of decomposing graph signals
into low- and high-pass components. Note that the underlying
graphs of these filters were defined to be bipartite, and hence, the
corresponding downsampling operator should produce bipartite
subgraphs.

The downsampling (or sampling in general) of graph sig-
nals were thoroughly discussed in [4], [15], [21]–[31]. One
goal for designing sampling schemes is to construct sampling
theorem for graph signals, similar to the classical Shannon’s
sampling theorem [22]–[28]. Another class of graph signal
downsampling was specifically invented for multiscale decom-
position of graph signals, such as the graph coloring-based
method [15], SVD-based method [4], Fieldler vector-based
method [29], community decomposition-based method [30],
and MST-based method [31]. The graph coloring-based method
[15] decomposed the graphs into a sequence of bipartite graphs
and then downsampled the signal iteratively. However, this
method did not fit the MGWD well, since only one level of
decomposition can be obtained for general graph signals. To
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Fig. 1. Flow chart of the proposed AMGWD framework.

avoid the disadvantages of the coloring-based method, [21]
developed bipartite approximation strategies for two-channel
graph wavelet banks. Nevertheless, the subgraphs derived from
the bipartite approximation strategies were not guaranteed to
be connected. Thus the structure of the original graph signal
could be lost during the decomposition. The SVD-based method
in [4] polarized the Laplacian eigenvector associated with the
largest eigenvalue, and hence, was limited by the high computa-
tion of the Laplacian eigenvectors for large scale graphs. More
importantly, it was not suitable for the MGWD since the down-
sampled graphs cannot be guaranteed to be bipartite. Similarly,
the Fieldler vector-based method in [29] and the community
decomposition-based method in [30] also relied on the diago-
nalization of the local Laplacian matrices. They were not suit-
able to be applied to downsample signals defined on large scale
graphs. The state-of-the-art downsampling method was con-
structed based on the maximum spanning trees (MSTs) of the
graphs [31]. Downsampled subgraphs obtained by this method
are bipartite, making it convenient to apply the GWFBs.

However, if a signal is defined on a dense graph, such as
social network data [32], [33], the MST-based downsampling
could be unbalanced, meaning that the sampling rate could be
far from 1

2 . The unbalance leads to small decomposition level of
the low-pass components. In general, small decomposition level
limits the performance of the MGWD, since getting deeper level
of low-pass components could bring performance gains in many
applications such as signal compression. As will be seen, un-
balanced downsampling also produces dense low- or high-pass
components, which results in an eigenvalue gathering problem.
We show that such problem then lows the representation ef-
ficiency of the wavelet decomposition. In addition, traditional
wavelet decomposition only decomposes the low-pass compo-
nents. In fact, some high-pass components can also be decom-
posed to obtain even more compact decomposition [34].

In this paper, we establish an adaptive multiscale graph
wavelet decomposition (AMGWD) framework by taking the
downsampling unbalance and also the high-pass components
into account. As shown in Fig. 1, the proposed AMGWD frame-
work consists of two phases: 1) pre-processing, and 2) entropy-
based adaptive decomposition of graph signals.

In Phase 1, we apply the heavy-light decomposition (HLD)
to analyze the structures of the MSTs, and then construct esti-
mators for the maximal decomposition level and the unbalance
rate. We also design an unbalance reduction algorithm to han-
dle the unbalanced downsampling. The maximal level estimator
predicts the maximal decomposition level of the low-pass com-
ponents. The unbalance reduction algorithm guarantees larger
decomposition level, and thus improves the compactness of the
decomposition. In Phase 2, we construct an adaptive decompo-
sition algorithm based on graph signal Shannon entropy, includ-

ing the high-pass components into the multiscale decomposition
as well. The proposed decomposition algorithm is established
upon entropy-based decomposition criteria. Experiment results
on synthetic and real-world graph signals show that our pro-
posed AMGWD outperforms the existing MGWD in terms of
downsampling balance and signal compression efficiency. The
contributions of this work can be summarized as follows:

1) an analysis on the weakness of the existing MGWD frame-
work;

2) construction of measurements for the maximal decompo-
sition level and the unbalance rate;

3) a novel unbalance reduction algorithm;
4) a novel entropy-based adaptive decomposition algorithm.
The rest of this paper is organized as follows. Section II in-

cludes the preliminaries of graphs and the background on the
framework of the MGWD. In Section III, we give a theoreti-
cal analysis of the original MGWD framework. In Sections IV
and V, we establish our proposed AMGWD framework. Sec-
tion VI provides experiment results on synthetic and real-world
graph signals. Finally, Section VII concludes.

II. BACKGROUND

In this section, we give an overview of the notations from
graph theory, the building blocks of the MGWD: graph wavelet
filter banks and MST-based downsampling operation, and the
heavy-light decomposition of trees.

A. Notations and Preliminaries

We consider general graph signals defined on weighted graphs
which are connected, loopless, and undirected. We denote a
graph by G = (V, E ,W), where V = {v0 , v1 , . . . , vN−1} is the
set of vertices, E is the set of edges, W ∈ RN×N is the weighted
adjacency matrix, which is symmetric, i.e., W (i, j) = W (j, i),
and W (i, j) is the weight assigned to the edge e(i, j) connecting
the i-th and the j-th vertices. For unweighted graphs, the en-
tries of W are either 1 or 0, with weight 1 assigned to the edge
connecting any pair of vertices; and 0 otherwise. The degree
matrix D of the graph G is defined as a diagonal matrix whose
i-th diagonal element D(i, i) is given by the degree of vertex
i, i.e., D(i, i) = deg(vi) :=

∑
j W (i, j), where deg(vi) is the

degree of vertex i. The normalized Laplacian matrix of G is then
defined by Ln = I−D−

1
2 WD−

1
2 . We denote the eigenvalue

and eigenvector pairs of Ln by {(λl,ul)}N−1
l=0 . Without loss of

generality, we assume that the eigenvalues are monotonically
ordered, i.e., 0 = λ0 ≤ λ1 ≤ λ2 ≤ · · · ≤ λN−1 ≤ 2. The spec-
trum of graph G is denoted by λσ (G) = {λ0 , λ1 , . . . , λN−1}. In
particular, λN−1 = 2 if the graph is a bipartite graph. A bipar-
tite graph is a graph whose vertices can be partitioned into two
disjoint subsets V1 and V2 , such that each edge of G connects a
vertex in V1 to another one in V2 .

We denote by Vλ the subspace spanned by eigenvectors as-
sociated with the eigenvalue λ. The corresponding eigenspace
projection matrix on Vλ is given by: Pλ :=

∑
λl =λ uluT

l , where
uT

l is the transpose of ul .
We denote a graph signal by f ∈ RN such that its k-th sig-

nal element is assigned to the k-th vertex of G. The graph
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Fig. 2. Two-channel graph wavelet filter banks.

Fourier transform of f is then defined by f̂(λl) = 〈f ,ul〉 =
∑N

n=1 ul(n)f(n), where ul(n) is the n-th element of the eigen-
vector ul . The inverse Fourier transform can be derived by:
f(n) =

∑N−1
l=0 f̂(λl)ul(n).

B. Two-Channel Graph Wavelet Filter Banks

Similar to the classical wavelet transform, two-channel graph
wavelet filter banks consist of a low-pass channel and a high-
pass channel, which produce low- and high-pass signal compo-
nents, respectively [15], [16]. Each channel contains an analysis
filter, a downsampling operator, a upsampling operator, and a
synthesis filter, as illustrated in Fig. 2. For a given graph signal
fin ∈ RN , the downsampling operators ↓ βL and ↓ βH keep the
signal elements on the low- and high-pass vertex sets L and
H, respectively. We then obtain critically sampled outputs, i.e.,
|H|+ |L| = N andH ∩ L = ∅. The upsampling operators ↑ βL

and ↑ βH project the downsampled signal components back to
the original RN by inserting zeros in the complement sets of L
andH, respectively.

The analysis and synthesis filters of biorthogonal compact
support GWFBs [16] were constructed in a similar design
scheme of Cohen-Daubechies-Feauveau in the classical wavelet
theory [35]. Using the eigenspace projection matrices, the anal-
ysis low- and high-pass filters can be written as:

Hi = ĥi(Ln) :=
∑

λ∈λσ (G)
ĥi(λ)Pλ, i = 0, 1. (1)

The synthesis low- and high-pass filters are then given by:

Gi = ĝi(Ln) :=
∑

λ∈λσ (G)
ĝi(λ)Pλ, i = 0, 1. (2)

Here, ĥi and ĝi are the spectral kernels of Hi and Gi ,
respectively.

These filter banks are termed as GraphBior(k0 , k1), where
k0 and k1 are the vanishing moment orders of the filter kernels,
respectively. GraphBior filters that have zero response to any all-
constant signal (DC signal) are denoted as zeroDC GraphBior
[16].

C. Multi-Level Downsampling of Graph Signals via MST

We now give a short introduction to the MST-based down-
sampling method of graph signals [31]. For any given weighted
graph G, a spanning tree (ST) of G is a tree that contains all the
vertices and a subset of edges of G. Among all of the STs of
G, the one with maximum sum of weights is called a maximum
spanning tree (MST) of G. Suppose that T0 = (V0 , E0 ,WT0 ) is
a MST of graph G = (V0 , E ,WG). For any two vertices i and

j in T0 , the tree distance between vertices i and j, denoted by
dT0 (i, j), is defined by the number of edges of the shortest path
in T0 that connects i and j.

To obtain a L-level downsampling of signals defined onG, the
first step is to construct a tree sequence T0 ⊃ T1 ⊃ · · · ⊃ TL .
We select one vertex r ∈ V0 as the root of T0 . By using the tree
distance, we collect the vertices in V0 with even tree distance
from r to construct the first level downsampled vertex set V1 ,
namely,

V1 :=
{

i ∈ V0 : dT0 (i, r) is even
}

. (3)

The (l + 1)-th level downsampled vertex set Vl+1 is similarly
obtained from the l-th level vertex set Vl , namely,

Vl+1 :=
{

i ∈ Vl : dTl (i, r) is even
}

. (4)

For each downsampled vertex set Vl+1 , to produce the subtree
Tl+1 , we assign edge weights by

WTl + 1 (i, gl(i)) =
2

1
W Tl (i,pl (i))

+ 1
W Tl (pl (i),gl (i))

, (5)

for any vertex i ∈ Vl+1 , where pl(i) and gl(i) are the parent and
grandparent vertices of i in Tl .

The obtained tree sequence is then modified to be a sequence
of bipartite graphsB0 ⊃ B1 ⊃ · · · ⊃ BL , by adding a part of the
edges in G back to Tl’s. We call Bl the l-th level downsampled
subgraph of G. More details can be found in [31].

D. Heavy Light Decomposition (HLD)

The HLD algorithm decomposed a tree into a disjoint union
of paths [36], [37]. Let T be a N -vertex tree with root r. We
denote Tv as the subtree rooted on any non-leaf vertex v in T .
The subtree Tv consists of all the descendants of v and v itself.
The number of vertices in Tv is denoted by |Tv |. We then classify
the vertices of T as either heavy or light vertex according to the
numbers of vertices of the subtrees. For the children of any
non-leaf vertex v in T , the vertex with the maximal number of
subtree vertices among the children of v is classified as heavy
vertex; the other children of v are classified as light vertices. The
process is repeated for each vertex in T . We then remove the
edges between light vertices and their parents, and thus separate
T into a family of vertex-disjoint paths. Specifically, the HLD
of T can be written as

HLD(T ) =
{
Pk

}M

k=1 ,V(Pk ) ∩ V(Pj ) = ∅, if k �= j, (6)

where M < N and V(Pk ) is the vertex set of the k-th path
Pk . We denote the path containing the root vertex r by Phst ,
which is also called the heaviest path. We also denote the longest
root-to-leaf path in T by Plg t .

III. ANALYSIS OF THE MGWD

As presented in the previous section, the framework of the
MGWD is constructed by using the MST-based downsampling
and two-channel graph wavelet filter banks (GWFBs). Recall
that, to construct a MGWD, a graph signal must be downsam-
pled for several levels. Using a MST, we can easily achieve this
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Fig. 3. Examples of the balanced and the unbalanced downsampling.
(a) Original signal on Minnesota road graph. (b) and (c) Downsampled level 1
and level 2 of (a). (d) Original signal on Caltech36. (e) and (f) Downsampled
level 1 and level 2 of (d).

goal, i.e., downsampling a graph signal repeatedly for several
layers, requiring no extra computation for separating the vertices
in each downsampling step. This could be regarded as the main
advantage of the MST-based downsampling method, compared
with the other candidates mentioned in Section I. Additionally,
the application of GWFBs requires that the downsampled sub-
graphs must be bipartite and connected. Fortunately, the MST-
based downsampling method naturally generates bipartite and
connected subgraphs and thus can be efficiently applied in the
MGWD.

In this section, we provide an analysis to show that the per-
formance of the MGWD in giving compact decomposition is
limited by the downsampling balance and the distribution of the
Laplacian eigenvalues. The analysis motivates us to establish a
new framework of graph wavelet decomposition to overcome
the weakness of the MGWD.

A. Downsampling Unbalance of the MST-Based Method

In the classical signal processing, equipped with the two-
channel wavelet filter banks, the downsampling operation on a
signal f ∈ RN by a factor of 2 produces a downsampled signal
y(n) = f(2n) (the sampling rate equals 1

2 ) [14].
Definition III.1: When using the MST-based downsampling,

we define the sampling rate associated with level l in the MGWD
by the ratio of the number of vertices in Vl to the number of
vertices in Vl−1 :

rd(l) =
|Vl |
|Vl−1 |

. (7)

We denote Lmd the maximal decomposition level of G, which
is defined as the largest integer such that |VLm d | > 1. Similar
to the classical signal processing, the downsampling equipped
with two-channel graph wavelet filter banks should also produce
sampling rates close to 1

2 [4]. However, as will be seen shortly,
the sampling rate generated by the existing MST-based method
is restricted by the density of the underlying graph of the signal.

If a signal is defined on a sparse graph, the MST-based down-
sampling method performs satisfactorily to generate sampling
rate close to 1

2 for each level l. For example, given a signal de-
fined on the Minnesota road graph, as presented in Fig. 3(a), the

Fig. 4. Spectral responses of graphBior(8, 8) filters on a bipartite graph,
where H0 and H1 correspond to the analysis low- and high-pass filter banks,
respectively.

sampling rates of the first two downsampling levels (Fig. 3(b)
and (c)) are 0.5034 and 0.5317, respectively, and the structure
of the graph is well preserved.

However, if a signal is defined on a dense graph, we observe
that the sampling rate could be far from 1

2 . For instance, Fig. 3(d)
illustrates a signal defined on Caltech36, which represents the
class year of Facebook users in a college. The edges of Cal-
tech36 represent friendships. The maximal decomposition level
Lmd of this graph is two under the MST-based downsampling
method. The sampling rates of the two downsampling levels
(presented in Fig. 3(e) and (f)) are 0.5407 and 0.3301, respec-
tively. The sampling rate of the second downsampling level is
not close to 1

2 . We can see that the first subgraph in Fig. 3(e)
of Caltech36 is dense, while the structure of the downsampled
graph is destroyed in the second subgraph (i.e., Fig. 3(f)).

We call a downsampling operation unbalanced if the sam-
pling rate rd is not close to 1

2 . Unbalanced downsampling re-
duces the value of Lmd , hence making Lmd too small to achieve
the expected decomposition level. More importantly, deeper
level could lead to more compact decomposition. The unbal-
ance should then be reduced if it is too severe.

We are now clear that the unbalance could lead to small
decomposition level and dense low- or high-pass components. In
the following, we show that dense components could lead to an
eigenvalue gathering problem, which reduces the representation
efficiency of the wavelet decomposition.

B. Laplacian Eigenvalue Gathering Problem

We provide an analysis on the Laplacian eigenvalue distri-
bution with respect to the graph density, and its effect on the
wavelet coefficient sparsity. As will be clear soon, the Lapla-
cian eigenvalues could gather around eigenvalue λ = 1 for dense
graphs. Note that, as mentioned in Section II, the GWFBs are
constructed upon the Laplacian eigenspace projection matrices
and the spectral filters. Consequently, the distribution of the
eigenvalues determines how well the low- and high-pass filters
can capture the low and high frequency contents. The low- and
high-pass spectral filter kernels of GWFBs are designed to in-
tersect at eigenvalue λ = 1, and approximately symmetric with
λ = 1 (e.g. the spectral responses of the low-pass and high-pass
filter kernels of GraphBior(8, 8) are displayed in Fig. 4). If the
eigenvalues gather around λ = 1, the low- and high-pass filters
only capture the spectral information of the central frequencies,
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and then unable to separate the low- and high-frequency con-
tents. Therefore, the GWFBs generally cannot produce sparse
coefficients for graph signals defined on dense graphs.

To gain a deeper understanding of the eigenvalue gathering
problem, we now theoretically analyze the distribution of the
Laplacian eigenvalues with respect to the graph density. We
investigate the case of unweighted graphs first, and then extend
the analyses to the weighted graphs.

Theorem III.2: For an unweighted graph G = (V, E) with N
vertices, we denote the eigenvalues of its normalized Laplacian
matrix Ln by {λ0 , λ1 , . . . , λN−1}. Denoting the degree of each
vertex v ∈ V by dv , we then have

N−1∑

i=0

(1− λi)2 ≤
∑

v∈V

1
dv

. (8)

Proof: Considering the relationship between the trace of a
matrix and its eigenvalues, we have

trace
(
(IN − Ln )2

)
=

N−1∑

i=0

(1− λi)2 . (9)

Since Ln = IN −D−
1
2 WD−

1
2 , where D and W are the de-

gree and adjacency matrices of G, respectively, we can compute
trace((IN − Ln )2) as follows,

trace
(
(IN − Ln )2

)
= trace(D−

1
2 WD−1WD−

1
2 )

=
∑

v ,u

1√
dv

W(v, u)
1
du

W(u, v)
1√
dv

=
∑

v

1
dv
−

∑

v∼u

(
1
dv
− 1

du

)2

, (10)

where v ∼ u means that the vertex u is connected to the vertex
v. By the positivity of the second term in (10), together with (9),
we have the inequality in (8) �

The above Theorem III.2 implies that as dv gets larger,∑N−1
i=0 (1− λi)2 becomes smaller. In other words, the eigen-

values get closer to 1 as the graph becomes denser, causing the
eigenvalue gathering problem. According to the constructions
of the GWFBs, the eigenvalue gathering problem could reduce
the representation ability of GWFBs. To be more specific, as the
eigenvalues gather around λ = 1, the spectral responses of both
the low- and high-pass spectral filters tend to be close to each
other. Meanwhile, since eigenvalue 1 corresponds to the center
of the spectrum, both filters can only capture the spectral infor-
mation of the central frequencies. This indicates that the GWFBs
are unable to separate the low- and high-frequency contents, and
thus the graph signals cannot be represented compactly.

We now extend the above analyses to the weighted graphs.
For weighted graphs, it is difficult to estimate the distribution of
Laplacian eigenvalues. Fortunately, we can take advantage of the
regularity of unweighted graphs to obtain a coarse eigenvalue
estimation for weighted graphs.

Theorem III.3: Suppose thatG = (V, E) and G̃ = (V, E ,W)
are two graphs defined on the same vertex set V and edge set
E , with |V| = N . G̃ is weighted with the weight matrix W,

whileG is unweighted. Let 0 = λ0 ≤ λ1 ≤ · · · ≤ λN−1 and 0 =
λ̃0 ≤ λ̃1 ≤ · · · ≤ λ̃N−1 be the eigenvalues of the normalized
Laplacian matrices Ln and L̃n for G and G̃, respectively. If
there exists an integer wm such that for some 0 ≤ ε < 1, and
ε < wm , the following inequality holds,

|W (i, j)− wm | ≤ ε, for any W (i, j) �= 0, (11)

where W (i, j) is the (i, j)-th entry in W, then we have,

|λi − λ̃i | ≤
2ε

wm − ε
λi,∀i = 1, 2, . . . , N. (12)

Proof: Let L(i, j) and L̃(i, j) be the (i, j)-th entries in Ln

and L̃n , respectively. By the definition of normalized Laplacian
matrices, we have L(i, j) = − 1√

di dj

and L̃(i, j) = − Wi , j√
d̃i d̃j

,

for i �= j, where di and d̃i are the degrees of vertex i in graph G
and G̃, respectively. By the inequality (11), we have wm − ε ≤
W (i, j) ≤ wm + ε. Hence, for any vertex i,

di(wm − ε) ≤ d̃i =
N∑

j=1

W (i, j) ≤ di(wm + ε). (13)

Thus, we can bound Wi , j√
d̃i d̃j

by

wm − ε
√

didj (wm + ε)
≤ W (i, j)

√
d̃i d̃j

≤ wm + ε
√

didj (wm − ε)
. (14)

By the definition of L(i, j) and L̃(i, j), we have
∣
∣
∣L(i, j)− L̃(i, j)

∣
∣
∣ =

∣
∣
∣
∣
W (i, j)
√

d̃i d̃j

− 1
√

didj

∣
∣
∣
∣

≤ 1
√

didj

2ε

(wm − ε)
=

2ε

(wm − ε)

∣
∣
∣L(i, j)

∣
∣
∣, (15)

where the inequality is obtained by (14) and the fact that
2ε

wm + ε ≤
2ε

wm − ε . By [39, Th. 3.3], Theorem III.3 is proved. �
In Theorem III.3, the assumption (11) indicates that the edge

weight values of G̃ are gathering in a ε-interval centered at inte-
ger wm . Correspondingly, as shown in (12), the i-th eigenvalue
of G̃ is located in a 2ε

wm − ε λi-interval centered at λi , which is
the i-th eigenvalue of the unweighted graph G. When ε is suf-
ficiently close to 0, the eigenvalues of the weighted graph G̃
are very close to those of the unweighted graph G. Combining
Theorem III.2 and Theorem III.3, we can see that the eigenval-
ues could gather around λ = 1 for densely weighted graphs.

As shown in Fig. 3, the downsampling unbalance often leads
to dense low- or high-pass subgraphs. The eigenvalue gather-
ing problem could then reduce the representation efficiency of
GWFBs, according to the above analyses. This problem moti-
vates us to develop a new framework by addressing the down-
sampling unbalance issue.

IV. AMGWD PHASE 1: PRE-PROCESSING

Based on the existing MGWD framework, we propose a new
framework of adaptive MGWD (AMGWD), which consists of a
pre-processing phase and an adaptive decomposition phase for
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Fig. 5. Flow chart of our AMGWD framework, where rub is the unbalance rate.

graph signals (see Fig. 5), to specifically address the weakness
of the MGWD. In the following, we first discuss the Phase 1:
pre-processing. For any input graph signal with a given expected
decomposition level Lexp , we apply the heavy-light decomposi-
tion (HLD) to estimate the unbalance rate (rub ) and the possible
maximal decomposition level (Lmd ). If rub is larger than a given
threshold t, and Lmd < Lexp , an unbalance reduction algorithm
is then triggered to reduce the unbalance.

A. Unbalance Detection and Maximal Decomposition Level
Estimation

We now know that the unbalance could reduce the maximal
decomposition level of low-pass components, and hence hinder
the search of a compact decomposition.

The unbalance is mainly determined by the percentage of
leaf nodes in the MST. For those leaves sharing the same parent
node, we can match one of them to a root-to-leaf path, and
the others can be considered as single leaves. The MST-based
downsampling is actually implemented in a root-to-leaf pattern.
Since the single leaves do not belong to any root-to-leaf path,
larger number of single leaves could lead to larger unbalance or
irregularity of the downsampling. Thus, the unbalance can be
measured by the number of single leaves.

In order to calculate the number of single leaves, we apply the
HLD to decompose a MST into a family of vertex-disjoint paths,
in which single leaves are the paths with length 1. The number
of single leaves can then be obtained and thus the unbalance
can be measured. Moreover, as will be clear soon, the heaviest
path in the HLD can also be used as an approximation of the
longest path for estimating the maximal decomposition level of
MGWD.

The percentage of single leaves is then used to be the unbal-
ance rate of the MST:

rub(T ) =
1
N

∣
∣
∣{Pk |Pk ∈ HLD(T ) and |Pk | = 1}

∣
∣
∣, (16)

where HLD(T ) is defined in (6), and N is the number of ver-
tices in T . Thus rub(T ) enables us to measure how unbalanced
the downsampling is: the larger the value of rub(T ), the more
severe the unbalance. For instance, the HLD of a 16-vertex tree
is provided in Fig. 6, where each path is colored differently.
Clearly, this graph has rub = 3

16 , where the single leaves are the
black, blue and green vertices.

Fig. 6. HLD of a tree with 16 vertices. The path with red vertices is the heaviest
path. Number above each vertex is the number of vertices of the subtree rooted
at the vertex. The single leaves are the black, blue and green vertices.

Furthermore, we prove that smaller value of rub leads to
longer length of the longest root-to-leaf path Plg t , which in turn
produces more balanced downsampling.

Proposition IV.1: Suppose that T1 and T2 are two N -vertex
trees with unbalance rates rub(T1) and rub(T2), respectively.
Let β = rub(T2)− rub(T1) > 0. If β + rub(T2) > 1, we have
|Plg t(T1)| > |Plg t(T2)|.

Proof: Let M1 = N(1− rub(T1)) and M2 = N(1−
rub(T2)) be the numbers of non-single vertices in T1 and
T2 , respectively. If β + rub(T2) > 1, the definition of β gives
2rub(T2)− rub(T1) > 1, which is equivalent to 1− rub(T1) >
2(1− rub(T2)). Multiplying both sides by N , we get M1 >
2M2 .

Suppose that the HLD of any given tree T has k non-single-
leaf paths and M non-single vertices. It is easy to observe that
the maximal length of any root-to-leaf path is M − k + 1. Since
any non-single-leaf path has at least 2 vertices, the maximal
number for k is M/2 if M is even, and �M/2� if M is odd.
Here �x� denotes the nearest integer less than or equal to x.

Now for the trees T1 and T2 , suppose that both M1 and
M2 are even. By the above analysis, the possible values
of the maximal length of any root-to-leaf path for T1 are
M1 ,M1 − 1, . . . , M1/2 + 1. Similarly, the possible values of
the maximal length of any root-to-leaf path for T2 are M2 ,M2 −
1, . . . , M2/2 + 1. Since M1 > 2M2 , we have M1/2 + 1 > M2 .
Therefore, we always have |Plg t(T1)| > |Plg t(T2)|.

The other cases for M1 and M2 with different parities can be
proved similarly. �
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As can be seen from the proof of Proposition IV.1, the as-
sumption β + rub(T2) > 1 indicates that M1 > 2M2 . That is,
the number of non-single leaves in T1 is larger than twice of
that in T2 . The assumption guarantees that the tree with more
non-single leaves, equivalently small rub , has longer root-to-leaf
path: |Plg t(T1)| > |Plg t(T2)|.

Thus far, we have shown that the single leaves in HLD can be
used to measure the unbalance. Furthermore, HLD also enables
us to estimate the maximal decomposition level Lmd . In classical
multiscale wavelet decomposition, Lmd for a signal of length
N can be calculated by �log2(N − 1)�. Using the MST-based
method to downsample a graph signal in a MGWD, Lmd can
also be estimated by �log2(K − 1)�, with K being the maximal
length of root-to-leaf path. In our AMGWD, we use the length
of the heaviest path in the HLD, instead of the longest root-
to-leaf path, to estimate Lmd . By this strategy, we can save
computation incurred from searching one of the longest root-to-
leaf paths. The following proposition also offers the guarantee
for this strategy.

Proposition IV.2: For a given unweighted tree T , let Phst

be the heaviest path in its HLD, and Plg t be the longest
root-to-leaf path. Suppose that, for any root-to-leaf path P =
{r, v1 , v2 , . . . , vp} in T , there exist positive constants c1 , c2 (c1
and c2 are assumed to be close) and a > 1, such that the degrees
of the vertices satisfy

c2a
−k ≤ deg(vk ) ≤ c1a

−k , for k = 1, 2, . . . , p, (17)

then there exists a constant in terms of c1 , c2 and a: δ(c1 , c2 , a),
making the following inequality hold

|Phst | ≥ δ(c1 , c2 , a)|Plg t |. (18)

Proof: Please refer to the Appendix. �
In Proposition IV.2, c1 and c2 are assumed to be close, en-

suring that the vertices with the same distances to the root have
similar degrees. In practice, we find that most MSTs have rel-
atively regular structures, and approximately satisfy the condi-
tion (17). Also, as can be shown in the Appendix, the parameter
δ(c1 , c2 , a) is close to 1, implying that the longest root-to-leaf
path can be approximated by the heaviest path provided that
(17) holds.

Thus, Lmd can be estimated by �log2(K − 1)�, i.e.,

Lmd ≈ �log2(K − 1)�, (19)

where K is the length of the heaviest path.

B. Unbalance Reduction

The unbalance of a graph signal should be reduced if two con-
ditions are satisfied: 1) the expected decomposition level Lexp
in AMGWD framework is larger than the maximal decomposi-
tion level Lmd , i.e., Lmd < Lexp ; 2) the unbalance rate rub of
the MST is larger than a given threshold t, i.e. rub > t, which
indicates that the unbalance is too severe.

Let us first explain the rationale behind our proposed un-
balance reduction algorithm. Essentially, we keep the graph
structure unchanged, while reassigning the weight for each
edge, such that a large number of small weights are generated.

Specifically, we construct a Gaussian weighted graph according
to the distances between vertices of the original graph. Recall
that the Prim’s algorithm collects the edges with larger weights
into the MST. Sufficiently small weights can be considered to
be quantized to 0 when computing the MST. Therefore, our
strategy of reassigning the weights equivalently converts the
original graph into a sparse one. Additionally, we will show in
Proposition IV.3 below that a sparse graph has less number of
single leaves in its HLD, compared with a dense graph. Noticing
that the unbalance rate is calculated by the ratio of single leaves,
a sparse graph produced by our weights reassigning strategy
lowers the unbalance rate, compared with its dense counterpart.

We now formulate Proposition IV.3, which will be followed
by the proposed unbalance reduction algorithm.

Proposition IV.3: Let G = (V, E) and G0 = (V, E0) be two
graphs, with E0 ⊂ E and |E| − |E0 | = m > 0. Equivalently, G is
denser than G0 . Denote the maximal number of leaves in the STs
of G0 and G by Ls(G0) and Ls(G), respectively. If Ls(G0) = p,
then we have

p ≤ Ls(G) ≤ 2m + p. (20)

In particular, G has maximally 2m more single leaves than G0
in its HLD.

Proof: Since E0 ⊂ E , any ST of G0 is also a ST of G. Thus
we have p ≤ Ls(G).

As |E| − |E0 | = m > 0, a ST of G can be obtained by adding
m edges into a ST of G0 and then deleting another m edges to
preserve the tree structure. Let T0 be a ST of G0 . We now claim
that deleting one edge in T0 could maximally produce two new
leaves. In fact, if the two end-vertices of the deleted edge have
degree 2, deleting the edge then reduces the degrees of both
end-vertices to 1, which means that both vertices are leaves;
otherwise, only 1 or 0 new leaf can be produced.

Therefore, adding m edges into T0 and then deleting another
m edges could maximally produce 2m additional leaves. The
maximal number of leaves in the STs of G is then 2m + p.

We now show that the new leaves produced by deleting m
edges on the STs of G0 could become single leaves. Actually, if
a new leaf v is connected to a vertex with degree larger than 4
in the new ST, v is then a single leaf since the parent of v has
at least two more children and v is a light child of its parent.
Therefore, a ST of G has maximally 2m more single leaves than
T0 if all the new leaves are connected to a parent with degree
larger than 4. �

Remark: Proposition IV.3 shows that a dense graph with m
more edges than a sparse graph could have maximally 2m more
single leaves in its HLD.

Based on Proposition IV.3 and the Prim’s algorithm, the un-
balance reduction approach is described in Algorithm 1 and
proceeds as follows. Given a graph G underlying any graph sig-
nal, we first set the threshold of unbalance rate t and the expected
decomposition level Lexp for our AMGWD. Then, we calcu-
late the MST of G, which is denoted as T = (VT , ET ,WT ).
The values of rub and Lmd of T are then obtained by applying
(16) and (19). These two values are compared with t and Lexp ,
respectively. If rub > t and Lmd < Lexp , we proceed to pro-
duce an improved MST to reduce the unbalance. In line 5, we
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Algorithm 1: Unbalance Reduction Algorithm.

Input: Graph G = (V, E ,W).
1: Initialization: Threshold of unbalance rate rub : t; The

expected decomposition level: Lexp
2: Calculate the MST of G: T = (VT , ET ,WT ).
3: Calculate HLD of T to get rub(T ) and Lmd .
4: if rub(T ) > t and Lmd < Lexp

5: — Construct a weighted graph G̃ = (V, E ,W̃) by
updating the edge weights

W̃ (i, j)← exp
(
− [dist(i,j )]2

2σ 2

)

6: — Calculate the MST of G̃ by Prim’s algorithm:
T̃ = (VT̃ , ET̃ ,WT̃ ).

7: — Form the improved MST of G by VT ← VT̃ ,
ET ← ET̃ , WT ←WG(T̃ ) .

8: end if
Output: The improved MST of G: T .

construct a weighted graph G̃ = (V, E ,W̃) on the original ver-
tex and edge sets V and E . The weights of G̃ are given by a
Gaussian function:

W̃ (i, j) = exp
(

− [dist(i, j)]2

2σ2

)

, (21)

if the edge e(i, j) ∈ E , where σ can be selected empirically.
Here dist(i, j) is the distance between each pair of connected
vertices i and j. The distance may be defined as physical or
Euclidean distance. In line 6, we apply the Prim’s algorithm to
obtain the MST of G̃, and denote it by T̃ = (VT̃ , ET̃ ,WT̃ ).
Finally, an improved MST of the original graph G is pro-
duced by substituting all the weights in T̃ by the original
weights. Specifically, the improved MST can be denoted by
T = {V, ET = ET̃ ,WT = WG(T̃ )}, where WG(T̃ ) denotes the

weights of G assigned on the edge set of T̃ . The equation
WT = WG(T̃ ) means that

WT (i, j) = W (i, j), for ∀e(i, j) ∈ E(T̃ ). (22)

The output T is then saved as the MST for downsampling.
The unbalance reduction algorithm is actually established

under the following analysis. Mathematically, finding a MST
for a given weighted graph G = {V, E ,W} can be cast as the
following optimization problem:

argmin
W T ∈RN ×N

‖W −WT ‖1,1

subject to ‖WT ‖0 = 2N − 2;

‖IN + WT + · · ·+ WN−1
T ‖0 = N 2 ;

W (i, j) = WT (i, j), if WT (i, j) �= 0.

(23)

where ‖ · ‖1,1 denotes the l1,1 norm defined by ‖A‖1,1 =
∑N

i=1
∑N

j=1 |Ai,j | for any matrix A ∈ RN×N , and ‖ · ‖0 is the
number of non-zero entries for a given matrix. The constraint
‖WT ‖0 = 2N − 2 indicates that T is a N -vertex tree. The sec-
ond constraint ensures that the obtained tree is connected [38].

The third constraint means that any edge e(i, j) of T is also an
edge belonging to G.

The solution of (23) is a MST of G, i.e., a spanning tree with
the maximum sum of weights among all the possible spanning
trees. Equivalently, the element-wise sum of W −WT achieves
minimum if T is a MST. In general, the weights in W are
positive. Hence, the weight sum ofW −WT can be represented
as l1,1 norm in the objective function. Problem (23) can be
solved by applying some greedy algorithms [31]. One of the
most efficient methods is the Prims algorithm [41]. We observe
that, if a graph is dense and the weights share similar values, the
obtained MST could have a large number of single leaves, and
hence, a large rub .

For unbalance reduction, the graph should be sparse or
the weights should be scattered to avoid similar values. Note
that l1,1 norm used in the objective function of (23) indi-
cates that the entries of W follow a Laplace distribution [40].
The first constraint ‖WT ‖0 = 2N − 2 and the third constraint
W (i, j) = WT (i, j), if WT (i, j) �= 0, indicate that the weight
set should have 2N − 2 significantly larger weights than the
remaining weights in W, which enforces the weight set to have
smaller percentage of large weights than the Laplace distribu-
tion. It is well known that the Gaussian distribution, compared
to the Laplace distribution, is smoother at the peak and has
thinner tails. In other words, Gaussian distribution has smaller
percentage of large weights than the Laplace distribution. We
thus, in line 5, set the weights associated with any vertex in
the new weighted graph as (21), following a Gaussian distribu-
tion. In line 7, we replace the weights of T̃ by the correspond-
ing original weights W to keep the weights of the original
graph unchanged. More importantly, the weight replacement
also preserves the structure of T̃ , which ensures the unbalance
reduction.

For unweighted graph, the obtained improved MST is exactly
a MST of G. While for weighted graphs, the improved MST
could be a spanning tree of the graph, not exactly a MST. We
can still use the spanning tree as the MST to reach a balanced
downsampling. Since a part of the edges will be added back
to the downsampled subgraphs to obtain bipartite subgraphs,
the sacrifice of using a spanning tree as a MST is in fact very
slight.

Before ending this Section, we discuss the setting of the values
of t and Lmd in Algorithm 1. We separate the analysis of t into
two cases. If t ≥ 0.5, rub > t means that more than half of
the vertices of the graph are single leaves; then there exist at
least 2 single leaves sharing the same parent, since there are
more single leaves than non-single vertices. If the parent is
retained in the downsampling, its children are then discarded.
As a result, the number of discarded vertices is larger than that of
the retained vertices, making the downsampling unbalanced. On
the other hand, if the parent is discarded in the downsampling,
its children are then retained. Since the number of children is
larger than the number of discarded parents, the downsampling
is still unbalanced. The more single leaves share the same parent,
the more unbalanced the downsampling could be. The extreme
case is that all the single leaves share the same parent, which
corresponds to the most unbalanced case.
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If t < 0.5, there is no guarantee that the downsampling un-
balance will appear. Thus, we select t ≥ 0.5 as the threshold in
Algorithm 1 for general graph signals.

Meanwhile, for the maximal decomposition level Lmd , its
value varies for different signals. Specifically, for a certain sig-
nal, the associated Lmd can be calculated by (19). For example,
for the dataset Caltech36, Lmd = 2, while for the dataset Hamil-
ton46, as will be seen in Section VI-A, Lmd = 3.

V. AMGWD PHASE 2: ENTROPY-BASED ADAPTIVE

DECOMPOSITION

We now discuss the adaptive decomposition of our proposed
framework. This phase aims to find adaptive decomposition for
graph signals, involving not only the low-pass but also the high-
pass components. The decomposition algorithm can also be
considered as an extension of the classical wavelet packet theory
[42] or adapted wavelet analysis [43] to graph signals, and is
an improvement of the entropy-based adaptive decomposition
algorithm in our previous work [34].

A. Graph Signal Shannon Entropy

We now analyze the relationship between the graph den-
sity and the graph signal Shannon entropy, which motivates
the construction of the entropy-based adaptive decomposition
algorithm.

For a graph signal (f ,G = (V, E ,W)), the graph signal Shan-
non entropy characterizes the uncertainty of the signal, which
was defined in [34] as follows.

Definition V.1 ([34]): The graph signal Shannon entropy of
(f ,G = (V, E ,W)) is defined as

HG (f ,G) = −
∑

i,j

dj

2
p(fi, dj )logp(fi, dj ), (24)

where p(fi, dj ) denotes the joint probability mass function
(PMF) of signal value fi and degree dj occurring at the same
vertex.

In the case of differential entropy, the graph signal Shannon
entropy can be formulated as follows.

Definition V.2: The graph signal Shannon differential en-
tropy of (f ,G = (V, E ,W)) is defined as

HG (f ,G) = −
∫ ∫

y

2
p(f, y)logp(f, y)dfdy, (25)

where p(f, y) denotes the joint probability density function
(PDF) of signal value f and degree y.

The following result shows that under the same PDF, a graph
signal has larger entropy value on a dense graph than on a
sparse graph. We use the expected value of the vertex degree
to represent the graph density. The reason is that the average
degree increases as the graph density increases, since vertices in
a dense graph could have more associated edges and thus have
larger degree than a sparse graph.

Proposition V.3: Let a graph signal f be defined on graphs
G1 and G2 , respectively. Suppose that the PDFs of the signal
on these two graphs satisfy: p1(f, y1) = p2(f, y2 − (μ1 − μ2)),
where μ1 = E(y1) and μ2 = E(y2) are the expected values of

the degrees on G1 and G2 , respectively. If μ1 > μ2 , we have
HG (f ,G1) > HG (f ,G2).

Proof: Letting I(f, y) = −p2(f, y)logp2(f, y), we have

HG (f ,G1)−HG (f ,G2)

= −
∫ ∫

y

2

(
p1(f, y)logp1(f, y) + I(f, y)

)
dfdy

=
∫ ∫

y

2

(
I(f, y − (μ1 − μ2))− I(f, y)

)
dfdy

= (μ1 − μ2)
∫ ∫

I(f, y)dfdy > 0, (26)

where the second equality is obtained by using p1(f, y1) =
p2(f, y2 − (μ1 − μ2)). The last equality is derived by inte-
gral transformation y = y − (μ1 − μ2) and the positiveness of
I(f, y). �

In Proposition V.3, the assumption μ1 > μ2 indicates that G1
is denser than G2 . With the definition of graph signal Shannon
entropy and the assumption p1(f, y1) = p2(f, y2 − (μ1 − μ2)),
the graph signal f on G1 thus has larger entropy value than on
G2 .

For discrete entropy, we have a similar statement as follows.
Proposition V.4: Suppose that a graph signal f defined on

graphs G1 and G2 , respectively. If the PMFs of the signal on
these two graphs satisfy: p1(fi, d1,j ) = p2(fi, d2,j ), for i =
1, 2, . . . , N , j = 1, 2, . . . ,M , where d1,1 ≤ d1,2 ≤ · · · , d1,M ,
d2,1 ≤ d2,2 ≤ · · · , d2,M are the possible degree values on
G1 and G2 , respectively. If d1,j > d2,j for any j, we have,
HG (f ,G1) > HG (f ,G2).

Proposition V.4 can be proved similarly as PropositionV.3.
The assumptions d1,j > d2,j and p1(fi, d1,j ) = p2(fi, d2,j ) for
any i, j also indicate that G1 is denser than G2 . By Proposi-
tion V.3 and V.4, a graph signal with a larger density has a
larger entropy value. This property motivates us to construct the
entropy-based adaptive decomposition algorithm.

B. Entropy-Based Adaptive Multi-Scale Decomposition

The adaptive decomposition algorithm aims to adaptively de-
compose the graph signal to improve the compactness of the
decomposition. In the algorithm of [34], any low- or high-pass
component can be decomposed or not by directly comparing
its entropy with the entropy sum of its children components.
Strictly speaking, in that decomposition scheme, only the inter-
level relationship was considered. In addition, by the analysis in
Section III, we see that dense graphs could lead to the eigenvalue
gathering problem, which reduces the representation efficiency
of the wavelet decomposition. As stated by Propositions V.3
and V.4, dense graph signal components have larger entropy
values than sparse components. We should thus also consider
the intra-level relationship to decompose the components with
larger entropies than the other components in each decomposi-
tion level.

The proposed adaptive decomposition algorithm is described
in Algorithm 2. The core idea underlying the algorithm is to take
both the inter- and intra-level relationships into the construction
of the decomposition.
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Algorithm 2: Entropy-Based Adaptive Graph Signal De-
composition.

Input: Graph G = (V, E ,W); Graph signal f ; Expected
decomposition level Lexp ; MST or improved MST
of G: T .

1: Initialization: (f 1
0 ,B1

0 ) = (f ,G), β1 , β2 .
2: Using MST-based downsampling to obtain the full

subband decomposition of G: Bk
l , 1 ≤ l ≤ Lexp ,

1 ≤ k ≤ 2l .
3: for l = 0, 1, 2, . . . , Lexp do
4: for k = 1, 2, . . . , 2l do
5: — decompose f k

l by two-channel GWFBs into
low- and high-pass components, f 2k−1

l+1 , f 2k
l+1 , on

subgraphs B2k−1
l+1 and B2k

l+1 ,
6: if inter-level conditions (30) or intra-level condition

(31) are satisfied
7: — retain (f k

l ,Bk
l ) and its children components.

8: else
9: — retain (f k

l ,Bk
l ), discard its children components.

10: end if
11: end for
12: end for
Output: The adaptive decomposition of (f ,G).

For any input graph signal f defined on G = (V, E ,W), we
set the expected decomposition level as Lexp , and an associ-
ated MST T , which could be an improved MST produced by
Algorithm 1. In line 1, we consider f as the signal component
and G as the subgraph at level 0, and denote the input signal
by (f 1

0 ,B1
0 ) = (f ,G). To build up the adaptive decomposition,

we apply MST-based downsampling to obtain a full subband de-
composition ofG in line 2. That is, each subgraph is decomposed
into low- and high-pass components. We hence obtain all the
low- and high-pass subgraphs of the graph G:Bk

l , 1 ≤ l ≤ Lexp ,
1 ≤ k ≤ 2l . We then adopt two-channel GWFBs to decompose
the signal components defined on these subgraphs, as described
in line 5.

From line 6 to line 10, we consider the adaptive decompo-
sition scheme. Line 6 includes the inter- and intra-level de-
composition conditions. We first discuss the condition for the
inter-level relationship. Unlike the algorithm in [34], we apply
the entropy difference between each component and the aver-
age entropy value of its children components to establish the
decomposition.

Let (f k
l ,Bk

l ) be the k-th signal component at level l. We denote
the graph signal Shannon entropy value of (f k

l ,Bk
l ) as μl,k =

HG (f k
l ,Bk

l ). The entropy difference between each component
and the average entropy value of its children components is then
formulated as

S(f k
l ,Bk

l ) = μl,k − 0.5 · (μl+1,2k−1 + μl+1,2k ). (27)

The entropy difference measures the amount of complexity
or uncertainty that has been reduced by the decomposition. To
establish a compact adaptive decomposition, we should decom-
pose those components that lead to larger uncertainty reductions.

We use the average entropy difference of each level as a base-
line to pick up the desired components. The average entropy
difference at level l is denoted by

Sl = mean{|S(f k
l ,Bk

l )|}2 l

k=1 , l = 1, 2, · · ·Lexp (28)

where mean(·) is the average function. Here we actually use the
average of absolute values of entropy differences. The reason
is to alleviate the effect of negative entropy differences, which
could drive the average value close to 0. In our framework,
we only decompose those components with positive entropy
difference. For instance, (f k

l ,Bk
l ) can be decomposed if

S(f k
l ,Bk

l ) > 0. (29)

Once a signal component has an entropy difference larger
than the baseline, the component and its children components
are then retained in the decomposition. In order to enhance the
adaptiveness of the decomposition, we apply a parameter β1 ,
which is close to 1, to adjust the baseline for different signals.
The criterion for inter-level decomposition at signal component
(f k

l ,Bk
l ) is then formulated as

S(f k
l ,Bk

l ) > β1Sl. (30)

The above criterion is more efficient than the one proposed in
[34] in terms of finding compact decomposition. In fact, [34]
only considered whether the entropy is reduced; but neglected
how much it reduces.

On the other hand, we consider the intra-level relationship.
Intuitively, we should decompose those components with larger
entropy values than the other components. For selecting these
components, we set the average entropy at each level as the base-
line. Similarly, we apply another parameter β2 , which is also
close to 1, to adjust the baseline for different signals. The crite-
rion for intra-level decomposition at signal component (fk

l ,Bk
l )

is then formulated as

HG (f k
l ,Bk

l ) > β2 ·Hl, (31)

where Hl = mean{HG (f k
l ,Bk

l )}2 l

k=1 is the average entropy at
level l. Once (f k

l ,Bk
l ) satisfies the intra-level criterion, the com-

ponent and its children components should also be retained in
the decomposition.

In summary, if a signal component (f k
l ,Bk

l ) satisfies one of
the inter- and intra-level conditions:

a) S(f k
l ,Bk

l ) > β1Sl ;
b) HG (f k

l ,Bk
l ) > β2 ·Hl,

then its children components will be retained in the decom-
position, as described in line 7 of Algorithm 2; otherwise, the
children components will be discarded, namely, only the parent
component (f k

l ,Bk
l ) itself will be kept, as shown in line 9. The

adaptive decomposition is repeated until Lexp is achieved.
Finally, the algorithm outputs the adaptive decomposition of

(f ,G).

C. Complexity Analysis

The first phase of our framework computes the HLD of the
MST of the graph signal to detect the unbalance, and then up-
dates the MST if unbalance is detected. Thus the procedure
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TABLE I
COMPARISON OF THE ORIGINAL AND THE IMPROVED MSTS. HERE |V| IS THE

NUMBER OF VERTICES OF EACH GRAPH. |Phst | IS THE LENGTH OF THE

HEAVIEST PATH IN THE HLD

consists of one MST computation, one HLD, and possibly
another MST computation. Since the complexity incurred by
building the HLD is O(log2 |V|) [37], and that by computing
the MST is O(|E|+ |V|log|V|) [44], with |V| < |E|, the overall
complexity of the first phase is still O(|E|+ |V|log|V|).

For the second phase where we compute the adaptive de-
composition, in the first level, the computational complexity of
the filter operations to produce the low- or high-pass compo-
nents is O(|V|2). Then the computational complexity of the first
level becomes O(2|V|2). Since the sum of squares is smaller
than the square of sum of any two numbers, we can see that
the computations on the other levels are lower than that of the
first level. Therefore, the computation in each level is smaller
than O(2|V|2). Combining the above results, the computational
complexity of the whole adaptive decomposition is O(2k|V|2),
where k is the number of decomposition level.

In summary, the complexity of our AMGWD is O(2k|V|2),
since |E| < |V|2 .

In contrast, the MGWD framework only decomposes the low-
pass components. For the first level, the computational com-
plexity is also O(2|V|2), as the way of producing the low- and
high-pass components is the same as that in our AMGWD.
For each of the remaining levels, as the number of vertexes is
less than that of the first level, due to the downsampling, the
computational complexity is lower than O(2|V|2). Therefore,
the complexity of the MGWD is O(2k0 |V|2), where k0 is the
decomposition level of the MGWD.

VI. EXPERIMENTAL RESULTS

We present experimental results for showing the performance
of our AMGWD framework. The experiments are conducted
in Matlab R2010b with the Graph Downsampling Toolbox
[45], which includes the MatlabGBL [46] and the GraphBior-
Filterbanks [47] toolboxes, running on a PC with Intel Core
i7-4790 CPU @3.6 GHz and 8 GB of RAM. The graph wavelet
filter banks used in the experiments are the GraphBior(3, 3)
zeroDC GWFBs.

A. Unbalance Detection and Reduction on MST

We first validate the effectiveness of the unbalance detection
and reduction steps in the pre-processing phase of our AMGWD
framework. In Table I, we compare the maximal decomposition
level Lmd and the unbalance measurement rub associated with

Fig. 7. MST-based and improved MST-based Downsampling on Hamilton46.
(a) Original signal. (b) and (d) First 3 levels of downsampled sub-graph signals
via the original MST-based method. (e)–(h) First 4 levels of downsampled sub-
graph signals via the improved MST-based method.

the original and the improved MST for unweighted Minnesota
road graph (MINN.G) and five social networks (Caltech36,
Hamilton46, Rice31, WashU32, and USF51) from the Face-
book100 dataset [33]. In our experiments, the distance function
applied in the unbalance reduction algorithm is the Euclidean
distance. The parameter σ of the Gaussian function is selected to
be 0.2. In addition, we set the threshold of rub in the unbalance
reduction algorithm as t = 0.5.

As can be seen, the original MST of the Minnesota road graph
has a small rub of 0.12, which is smaller than the threshold
t = 0.5. Thus the unbalance reduction algorithm is not trig-
gered. For the other graphs, the rub values are all larger than
the threshold t = 0.5, indicating that these graphs are detected
to be unbalanced.

We can also observe that, due to the unbalance, the graphs
with much more vertices could still have smaller decomposition
levels than the Minnesota road graph. For instance, the graph
USF51 has 13367 vertices; but can only generate 4 levels of
decomposition. In contrast, the maximal decomposition level
Lmd for the Minnesota road graph reaches 7. Further, we notice
that a graph with a larger number of vertices does not necessarily
have a larger |Phst |.

Upon applying our unbalance reduction algorithm (see the
columns corresponding to the improved MST), the rub values
of the unbalanced graphs are then reduced to approximately 0.3.
Moreover, thanks to the unbalance reduction, both the values of
Lmd and |Phst | increase with the increasing number of vertices
in |V|, which can be observed from the 6-th and 7-th columns.

B. MST-Based Downsampling With Unbalance Reduction

From the previous subsection, we see that the unbalance re-
duction algorithm enlarges the value of Lmd . We now apply
the proposed unbalance reduction algorithm on Facebook graph
signals to show that the algorithm also leads to sampling rates
close to 1

2 .
In Fig. 8(a), we present a graph signal on “Hamilton46” from

the Facebook100 dataset. With the unbalance, the maximal de-
composition level Lmd of this graph via the original MST-based
downsampling method is 3. The rub value for this graph is 0.78,
which is larger than the threshold 0.5. If we set the expected
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Fig. 8. Reconstruction performance of different methods for signals defined on (a) Hamilton46; (b) Caltech36; (c) Rice31; (d) WashU32; and (e) USF51.

TABLE II
SAMPLING RATES VIA THE ORIGINAL AND IMPROVED MST-BASED

DOWNSAMPLING ON THE SIGNAL DEFINED ON HAMILTON46

decomposition level Lexp > 3, the unbalance reduction algo-
rithm is then triggered. After applying our unbalance reduction
algorithm, Lmd of this graph increases to 6.

We present in Fig. 8 the 3 levels of sub-graph signals via
the original MST-based downsampling method and the first 4
levels of sub-graph signals via the improved MST-based down-
sampling. The sub-graph signals show that the improved MST-
downsampling reduces the unbalance and also preserves the
structure of the original graph signal.

In Table II, we provide the sampling rates of the 6 levels
of decomposition via the improved MST-based downsampling
method, and those of the 3 levels via the original MST-based
downsampling method. The sampling rates of our proposed
method are closer to 0.5, indicating that the unbalance under the
original MST is reduced.

In addition, the goodness of a downsampling operator can also
be measured by the cut-index [31]. Empirically, it is believed that
the higher the cut-index, the better the downsampling. Suppose
that a graph signal f is defined on a graph G = (V, E ,W). For
a subset V1 of the vertex set V , let (V1 ,V) be the bipartition
of V into two disjoint sets V1 and V \ V1 . The vertex set of
the downsampled subgraph is then given by V1 . The cut-value
and cut-index of such a partition with respect to the adjacency
matrix W are respectively defined as

c(V1 ,V;W) :=
∑

i∈V1 ,j∈V\V1

W (i, j) +
∑

i∈V\V1 j∈V1 ,

W (i, j);

(32)

and

c(V1 ,V;W) :=
c(V1 ,V;W)

∑
(i,j )∈V2 W (i, j)

(33)

As can be observed in Table III, the cut-index results given
by the improved MST generated by our unbalance reduction
algorithm are larger than those of the original MST on different

TABLE III
CUT-INDEX OF THE ORIGINAL AND THE IMPROVED MST-BASED

DOWNSAMPLING ON DIFFERENT DATASETS

datasets. This validates that the improved MST is better when
applied to the graph signal downsampling.

C. Adaptive MGWD For Graph Signal Compression

We then demonstrate the performance of our proposed
AMGWD framework in graph signal compression. We adopt
the n-term nonlinear approximation [14], [31], [48] in which
the original signal is reconstructed by its n largest decomposed
coefficients.

We take the graph signals defined on Hamilton46 and Min-
nesota road graph as examples to show the effect of the two
phases in our proposed AMGWD. As mentioned above, MST-
based downsampling is unbalanced for the graph signal defined
on Hamilton46; but balanced for Minnesota road graph. We set
the expected decomposition level Lexp as 6. Thus unbalance
reduction algorithm is applied to Hamilton46 only, since its rub
is larger than the threshold 0.5.

For comparison, we apply the MGWD [31], the entropy based
adaptive decomposition [34], and the proposed AMGWD to de-
compose the signals. We also compare these methods with DWT
based on bior3.3 wavelet, which is the counterpart of Graph-
Bior(3.3) applied in our experiments. To illustrate the effect of
the unbalance reduction, the MGWD is also implemented with
downsampling methods based on the original MST and the im-
proved MST obtained by the Algorithm 1. In the following,
“UBR” denotes UnBalance Reduction, “Shan” denotes graph
signal Shannon entropy based method [34], “Shan-AMGWD”
denotes our proposed AMGWD and “DWT-bior3.3” denotes
DWT based on bior3.3 wavelet.

For the first set of experiments, we consider the case where the
unbalance reduction algorithm is triggered. The data used here
are the graph signals from the Facebook100 dataset [33]. We
illustrate that our AMGWD performs better in signal compres-
sion than the MGWD [31] and the entropy based method [34]
on these social network data. Fig. 8 shows the reconstruction
performance of different methods on the 5 social networks in
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Fig. 9. Reconstruction of a piecewise-constant signal defined on Minnesota
road graph with 6-level decomposition for different methods.

Table I in terms of SNR. As can be seen, the performance of our
AMGWD is almost the same as the MGWD with unbalance re-
duction. Our AMGWD outperforms the MGWD, implying that
the performance of the MGWD is degraded if the unbalance
reduction algorithm is not applied. Further, our AMGWD sig-
nificantly improves the performance of Shan, especially in the
low bit rate regime. Meanwhile, our AMGWD and the MGWD-
UBR outperform the traditional bior3.3 based wavelet decom-
position.

However, we would like to point out that the MGWD could
slightly outperform our AMGWD and the MGWD-UBR in the
high bit rate regime. The phenomenon implies that the unbal-
ance in the MGWD could make more graph signal informa-
tion be distributed in the small coefficients, compared with our
AMGWD.

When the unbalance reduction algorithm is not triggered,
we proceed to the following two experiments to illustrate that
our AMGWD could still produce satisfactory results in signal
compression.

We first present the reconstruction performance of different
methods for a piecewise-constant signal defined on Minnesota
road graph in Fig. 9. Here, the unbalance reduction is not trig-
gered because the downsampling is balanced, as also shown
in Table I. For this signal, our AMGWD method is slightly
inferior to the MGWD. Nevertheless, according to the curves
Shan-AMGWD and Shan, our AMGWD significantly improves
the performance of the Shannon graph signal entropy-based
algorithm [34].

Furthermore, we provide the reconstruction performance for
a non-piecewise-constant signal defined on the Minnesota road
graph in Fig. 10. As can be observed, our AMGWD significantly
outperforms the MGWD and the entropy-based method [34] for
this type of signal.

Finally, Table IV compares the computational complexity
of different methods on decomposing and then reconstruct-
ing the graph signals. As can be observed, our AMGWD is
about 2-3 times slower than the MGWD. Shan is the most time-
consuming one, since it often decomposes many components
that are not suitable to be decomposed. The MGWD UBR
takes a little more time than the MGWD. This is because the
MGWD UBR decomposes low-pass components in high levels
as well, while the MGWD does not, due to the downsampling
unbalance.

Fig. 10. Reconstruction of non-piecewise-constant signal defined on the
Minnesota road graph with 6-level decomposition for different methods.

TABLE IV
COMPARISON ON THE COMPUTATIONAL COMPLEXITY (IN SECONDS) FOR

DIFFERENT METHODS

VII. DISCUSSION ON THE RELATIONSHIP BETWEEN MINIMUM

LEAF ST AND GRAPH SIGNAL DOWNSAMPLING

For any given graph, a minimum leaf ST (MinLST) for a
given graph is a spanning tree with minimum number of leaves.
The following result indicates that under certain conditions, the
downsampling via a MinLST is balanced.

Proposition VII.1: Let f ∈ RN be a signal defined on a N -
vertex graph G = (V, E ,W). If for all pairs of nonadjacent
vertices u, v ∈ V we have

d(u) + d(v) + δ(u, v) ≥ N + 1, (34)

where δ(u, v) is the length of a shortest path between u and v in
G, d(·) is the degree of a vertex, then any MinLST of G produces
balanced MST-based downsampling of f .

Proof: If graphG satisfies the condition (34), by Theorem 1.6
in [49], thenG has a Hamiltonian pathTH . A Hamiltonian path is
a path that visits each vertex exactly once. That is, a Hamiltonian
path has only 2 leaves, the possible minimum number of leaves.
Thus TH is the MinLST of G. The MST-based downsampling
of f on G with respect to TH then reduces to the traditional
downsampling, where no unbalance could occur. Equivalently,
a MinST produces balanced MST-based downsampling. �

Proposition VII.1 shows that when the condition (34) is sat-
isfied, the MinLST produces balanced downsampling.

Even though MinLST could lead to balanced downsampling,
it is often related to the Hamiltonian path problem, which is
proved to be a NP-complete [49]. Thus MinLSTs may not be
tractable in graph signal downsampling, especially for large
graphs.
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VIII. CONCLUSION

In this paper, we propose a new framework of adaptive multi-
scale graph wavelet decomposition for signals defined on undi-
rected graphs. The proposed framework is composed of two
phases: pre-processing and entropy-based adaptive decomposi-
tion. Specifically, the pre-processing phases handles the down-
sampling unbalance issues by considering the maximal decom-
position level estimation, unbalance detection and unbalance
reduction. Based on the results in Phase 1, we then in Phase 2
design a new entropy-based adaptive decomposition algorithm.
Experimental results on synthetic and real world graph signals
show that the proposed framework offers better performance
than the state-of-the-art schemes in terms of sampling balance
and signal compression.

APPENDIX

A. Theorem 3.3 [39]

Let A = [aij ] and Ã = [ãij ] be two symmetric positive
semidefinite diagonally dominant matrices, and let λ1 ≤ λ2 ≤
· · · ,≤ λn and λ̃1 ≤ λ̃2 ≤ · · · ,≤ λ̃n , respectively. If, for some
0 ≤ ε ≤ 1,

|aij − ãij | ≤ ε|aij | for ∀i �= j (35)

and

|vi − ṽi | ≤ εvi for∀i, (36)

where vi = aii =
∑

j �=i aij and ṽi = ãii =
∑

j �=i ãij , then we
have

|λ̃i − λi | ≤ ελi, for ∀i. (37)

B. Theorem 1.6 [49]

LetG = (V, E) be a connected graph with N vertices such that
for all pairs of distinct non-adjacent vertices u, v ∈ V we have
d(u) + d(v) + δ(u, v) ≥ N + 1, where δ(u, v) is the length of
shortest path between u and v in G. Then G has a Hamiltonian
path.

C. Proof of Proposition IV.2

Proof: Without loss of generality, let Phst ∩ Plg t = {r =
v0 , v1 , v2 , . . . , vL}, L ≥ 0. Suppose that |TvL

| = M and
deg(vL ) = d ≥ 2. Then there exist two children of vL : vh

L+1 ∈
Phst and vl

L+1 ∈ Plg t . That is, vh
L+1 is a heavy vertex, and

vl
L+1 is a light vertex. Since vh

L+1 is the heavy children
vertex of vL , we have M

d ≤ |Tvh
L + 1
| ≤M − 1. Assume that

|Tv l
L + 1
| ≤ cM

d for some c ≥ 1. By the condition (17), vh
L+1 sat-

isfies deg(vh
L+1) ≤ c1a

−(L+1) . Letting vh
L+2 be the children of

vh
L+1 inPhst , it then satisfies |Tvh

L + 2
| ≥ M

d
aL + 1

c1
. Iteratively, the

number of vertices in the subtree of the (L + l + 1)-th vertex in
Phst satisfies

|Tvh
L + l + 1

| ≥ M

d

a(L+1)+(L+2)+ ···+(L+ l)

cl
1

. (38)

Once the right side of (38) is smaller than 1, we can take l + 1
as the lower bound of the remaining length of Phst .

Similarly, we can find an upper bound for the remaining length
of Plg t . The lengths of Phst and Plg t can be estimated by

L + l2 + 1 ≥ |Plg t | ≥ |Phst | ≥ L + l1 + 1, (39)

where l1 := min{l ∈ N|Cl := M
d

a ( 1 + 2 + ···+ l )

(c1 a−L )l < 1} and l2 :=

min{l ∈ N|C̃l := cM
d

a ( 1 + 2 + ···+ l )

(c2 a−L )l < 1}.
With the definitions of l1 and l2 , we define a parameter

β :=
Cl1

C̃l2

=
(c1a

−L )−l1

c(c2a−L )−l2

1

a
( l 1 + l 2 + 1 ) ( l 2 −l 1 )

2

(40)

Since l2 > l1 ≥ 1, we have

β ≥ (c1a
−L )−l1

c(c2a−L )−l2

1
al2 (l2−l1 ) (41)

By taking the logarithm of both sides, (41) can be rewritten as

l1
l2
≥ log(c2a

−L )
log(c1a−L )

− log(βc)
l2 log(c1a−L )

− loga(l2−l1 )

log(c1a−L )
(42)

Let δ(c1 , c2 , a) = log(c2 a−L )
log(c1 a−L ) −

log(βc)
l2 log(c1 a−L ) −

loga ( l 2 −l 1 )

log(c1 a−L ) .
Since l2 ≥ l1 , (42) implies

L + l1 + 1
L + l2 + 1

≥ l1
l2
≥ δ(c1 , c2 , a). (43)

Therefore, with (39), we have

|Phst |
|Plg t |

≥ L + l1 + 1
L + l2 + 1

≥ δ(c1 , c2 , a). (44)

This completes the proof. �

D. Proof

δ(c1 , c2 , a) defined in Proposition IV.2 is close to 1
We now show that δ(c1 , c2 , a) defined in Proposition IV.2 is

close to 1. By definition, we have

δ(c1 , c2 , a) =
log(c2a

−L )
log(c1a−L )

− log(βc)
l2 log(c1a−L )

− loga(l2−l1 )

log(c1a−L )
.

(45)

Let c1 = ap1 and c2 = ap2 for some positive numbers p1 and
p2 . Since it is assumed that c1 is close to c2 in (17), there exists
a positive constant ε, with 0 < ε� 1, such that p1 = p2 + ε.

Thus, the first term in δ(c1 , c2 , a): log(c2 a−L )
log(c1 a−L ) = p2−L

p2 +ε−L ≈ 1.
The second and third terms in δ(c1 , c2 , a) sum up to be

− log(βcal 2 ( l 2 −l 1 ) )
l2 log(c1 a−L ) . With the definition of β in (40), we have

βcal2 (l2−l1 ) =
ap2 l2 +Ll1

ap1 l1 +Ll2
· al2 (l2−l1 )

a
( l 1 + l 2 + 1 ) ( l 2 −l 1 )

2

= aQ , (46)

where Q = p2 l2 − p1 l1 + ( l2−l1−1
2 − L)(l2 − l1). We can then

rewrite δ(c1 , c2 , a) as

δ(c1 , c2 , a) =
p2 − L

p2 + ε− L
− Q

l2(p2 + ε− L)
(47)

As

l1 := min
{

l ∈ N|Cl :=
M

d

a(1+2+ ···+ l)

(c1a−L )l
< 1

}

, (48)
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we can see that l1 is derived by iteratively dividing M
d by

c1a
−(L+ l) until the quotient is smaller than 1. Let ap = M

d for

some positive number p. We have Cl1 := M
d

a ( 1 + 2 + ···+ l 1 )

(c1 a−L )l 1
< 1

and Cl1−1 := M
d

a ( 1 + 2 + ···+ l 1 −1 )

(c1 a−L )l 1 −1 > 1. Equivalently, we have

p + (1 + 2 + · · ·+ l1)− (p1 − L)l1 < 0 (49)

and

p + (1 + 2 + · · ·+ l1 − 1)− (p1 − L)(l1 − 1) > 0. (50)

The previous inequalities imply that there is a root of the
quadratic function

f(l) = p +
(l + 1)l

2
− (p1 − L)l =

1
2
l2 −

(

p1 − L− 1
2

)

l + p

(51)

located between the consecutive integers l1 − 1 and l1 .
Let d1 = p1 − L− 1

2 and d2 = p2 − L− 1
2 . Since f(l1 −

1) > 0 and f(l1 − 1) < 0, the root mentioned above can be
given by d1 −

√
d2

1−2p. Thus, we have l1 = �d1 −
√

d2
1−2p�+ 1.

Similarly, we can obtain that l2 = �d2 −
√

d2
2−2p̃�+ 1, where

p̃ = logacM
d and l2 is defined by

l2 := min
{

l ∈ N|C̃l := c
M

d

a(1+2+ ···+ l)

(c2a−L )l
< 1

}

. (52)

Additionally, Q can be computed as follows:

Q = p2 l2 − p1 l1 +
( l2 − l1 − 1

2
− L

)
(l2 − l1)

= −εl1 +
(
p2 +

l2 − l1 − 1
2

− L
)
(l2 − l1)

= −εl1 + (p2 − L)(l2 − l1) +
( l2 − l1 − 1

2

)
(l2 − l1).

(53)

Since d1 − d2 = ε and p̃ = p + logac, we have

l2 − l1 =
(⌊

d2 −
√

d2
2 − 2p̃

⌋
+ 1

)
−

(⌊
d1 −

√
d2

1 − 2p
⌋

+ 1
)

≤ d2 −
√

d2
2 − 2p̃ −

(
d1 −

√
d2

1 − 2p − 1
)

= 1 − ε +
(√

d2
1 − 2p −

√
(d1 − ε)2 − 2(p + logac)

)

= 1 − ε +
2εd1 − ε2 + 2logac

√
d2

1 − 2p +
√

(d1 − ε)2 − 2(p + logac)
.

(54)

Note that c is also close to 1, as will be explained below. In
fact, the assumption that c1 is close to c2 in condition (17)
ensures that the vertices with the same distances to the root have
similar degrees, and then the numbers of vertexes in the subtrees
rooted at the same children vh

L are also close to each other. Thus
|Tv l

L + 1
| should be close to the average M

d . It is then clear that

when bounding |Tv l
L + 1
| by cM

d , i.e., |Tv l
L + 1
| ≤ cM

d , c should
be close to 1. Together with l2 − l1 ≥ 0, (54) thus implies that
l2 − l1 ∈ [0, h], with h ≈ 1.

Substituting (53) into (47), we have,

δ(c1 , c2 , a) =
p2 − L

p2 + ε− L

−
−εl1 + (p2 − L)(l2 − l1) + ( l2−l1−1

2 )(l2 − l1)
l2(p2 + ε− L)

(55)

The second term in (55) is actually a sufficiently small number
due to the existence of ε and the fact that l2 − l1 ∈ [0, h] with
h ≈ 1.

Summarizing all the analyses above, we conclude that
δ(c1 , c2 , a) is close to 1.
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