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Abstract—The state-of-the-art downsampling method for
graph signals has been constructed by using maximum spanning
trees (MSTs) of the graphs. For the graph signals defined on
unweighted densely connected graphs, such as social network
data, the sampling rates via MST-based downsampling are not
close to 1

2
, leading to a unbalanced downsampling phenomenon

on multi-level downsampling. The unbalance hinders the applica-
tions of MST-based downsampling on constructing graph signal
multiscale transforms, such as graph wavelet decomposition and
multiscale pyramid transform. In this paper, we propose a
simple but efficient method to improve the performance of the
MST-based method on downsampling balance. For every graph
signal, we first propose an unbalance possibility to measure the
unbalance of the MST-based downsampling. If the unbalance
possibility is high, the downsampling will be conducted on
an improved MST, which is constructed by rearranging the
structure of the MST to reduce the downsampling unbalance.
The experiment results on synthesis graph signal show that the
proposed improved MST leads to balanced downsampling. That
is, the sampling rates produced by the improved MST are closer
to 1

2
in multi-level downsampling than the original MST-based

method.

I. INTRODUCTION

Graph signal processing has become a hot topic in the
signal processing community [1], [2]. By using general graph
theory and spectral graph theory [3], graph signal processing
techniques have been developing by extending the classical
signal processing method to the graph setting to handle the
underlying irregular graph structures and the signals defined
on these graphs [4]-[8].

Multiscale decompositions of signals, such as discrete
wavelet transform, multiscale pyramid and many other trans-
forms, play an important role in classical signal processing [9].
Downsampling is often applied in multiscale decompositions
to reveal the structural information of the given signal and also
provide a simple way for complexity and dimension reduction.

However, downsampling operation for graph signals is still
an open topic. Handling the underlying graph structure is the
biggest difficulty of this topic. For general graphs, there are
three types of general graph signal downsampling methods:
coloring-based [7], SVD-based [5], and MST-based [8] down-
sampling. The coloring-based method decomposed a graph
into a sequence of bipartite subgraphs, and then downsampled
the graph signal according to the bipartition of these subgraph-
s. Thus, a graph signal can not be downsampled more than

one level by this method. The SVD-based method bipartited
the graph signal samples according to the eigenvector of the
largest Laplacian eigenvalue. This method is not applicable
to graph signals with large amount of samples due to the
computational complexity of the SVD decomposition.

The MST-based method is proposed by using the maxi-
mum spanning tree of the underlying graph of the signal.
MST-based downsampling is time-saving and allows multi-
level downsampling. Since classical downsampling of signals
discards half of the samples, i.e. the sampling rate is 1

2 , we are
expecting that the graph signal downsampling operation can
also be constructed with sampling rates close to or equal to 1

2 .
However, the performance of the MST-based downsampling is
strongly determined by the complexity of the underlying graph
and levels of downsampling. If a graph is sparse enough, such
as the path, cycle graphs, and the Minnesota road graph, the
sampling rates of MST-based downsampling are close to 1

2 for
multi-level downsampling. However, for a densely connected
unweighted graph, the MST-based downsampling leads to
an unbalance of the downsampled sets, i.e. the sampling
rates are not close to 1

2 for multi-level downsampling. This
hinders further applications of the downsampling operation to
construct multiscale decompositions, since only a few levels,
say 2 or 3 levels, of downsampling can be obtained.

In this paper, we propose to handle the problem of un-
balanced downsampling and improve the MST-based down-
sampling method to produce sampling rates close enough to
1
2 . In order to detect the potential unbalance, we apply the
average degree to define an unbalance possibility. If unbalance
possibility is too high, the MST-based downsampling will be
modified by finding an improved MST, which is constructed
by rearranging the structure of the MST, of the graph to have
sampling rates close to 1

2 . The experiment results on synthesis
graph signals show that our method is efficient in detecting the
downsampling unbalance, and the sampling rate is close to 1

2
in each level of downsampling.

The rest of this paper is organized as follows. In Sec-
tion II, we recall the basic notations and the MST-based
downsampling method. In Section III, we present balanced
and unbalanced examples of MST-based downsampling and
then propose the improved MST-based downsampling method.
In Section IV, we present the experiment results. Section V
conclude this paper.
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II. BACKGROUND

In this section, we shortly review the the basic notations in
graph theory and the MST-based downsampling method.

A. Notations and preliminaries

In this paper, a weighted undirected graph is denoted by
G = (V, E ,W), where V is the set of vertices, E is the set of
edges, W is the weighted adjacency matrix, respectively. Each
edge e(i, j) ∈ V is assigned a weight by the corresponding
entry of W: wi,j . G is called unweighted if all the edges in V
are assigned weights 1, i.e. wi,j = 1 if e(i, j) ∈ E . The degree
matrix D associated with the graph G is a diagonal matrix
whose i-th diagonal element equals to the degree of vertex i,
i.e. Dii = di =

∑
j wij . A graph signal defined on G is in fact

a vector f ∈ RN such that the kth signal element corresponds
to the kth vertex in V . Note that the traditional signals can
be considered as graph signals defined on unweighted path or
cycle graphs.

B. Downsampling on graphs via MST

In classical signal processing, signals are downsampled with
sampling rates equals or very close to 1

2 . Therefore, an ideal
definition of the down-sampling operation on graph signals
should also produce sampling rates close to 1

2 . A rational
option is to apply the maximum spanning tree (MST)-based
downsampling method [8].

For any weighted graph G, its spanning tree is a tree that
contains all the vertices and a subset of edges of G. A spanning
tree is called a maximum spanning tree (MST) of G if its sum
of weights is maximum among all the spanning trees of G. For
iterative downsampling on G, we denote T0 = (V0, E0,WT0)
be a MST of graph G = (V0, E ,WG), with E0 ⊆ E . We can
define tree distance between vertices i and j by dT0(i, j) as
the number of edges of the shortest path in T0 that connects
i and j. Select a vertex in V0 to be the root vertex of T0 and
denote it by: r ∈ V0. We then obtain the downsampled vertex
subset V1 ⊂ V0 by collecting all the vertices with even tree
distance from r, i.e.

V1 := {i ∈ V0 : dT0(i, r) is even}. (1)

The vertex set V1 is reconnected to be a tree by connecting
any vertex i 6= r to its grandparent vertex, the weight assigned
to each edge is given by

WT1(i, g0(i)) =
2

1
WT0 (i,p0(i))

+ 1
WT0 (p0(i),g0(i))

, (2)

where p0(i) and g0(i) are the parent and grandparent vertices
of i in T0. We can downsampling again on T1, then on
downsampled subtree of T1, inductively. We obtain a sequence
of downsampled trees: T0 ⊃ T1 ⊃ · · · ⊃ TL−1, with edge
weights given by

WTl+1
(i, gl(i)) =

2
1

WTl (i,pl(i))
+ 1

WTl (pl(i),gl(i))

, (3)

for i ∈ Vl+1, where pl(i) and gl(i) are the parent and
grandparent vertices of i in Tl. Vl is the vertex subset in l-th

level of downsampling. Edges connecting vertices in Vl in G
are added back to Tl to produce downsampled subgraph Bl,
which is called the downsampled subgraph at level l.

III. IMPROVED MST-BASED DOWNSAMPLING

MST-based downsampling method is well fitted to graph
signals defined on sparse graphs. But for graph signals de-
fined on unweighted densely connected graphs, MST-based
downsampling is prone to produce unbalanced downsampled
subgraphs, i.e. the sampling rates are not close to 1

2 , after 1
or 2 levels of downsampling. The sampling rate at level l is
denoted by r(l) = ](Vl)

](Vl−1)
, where ] is the cardinality of a given

set, Vl is defined in last section. We present balanced and
unbalanced MST-based downsampling examples in the first
subsection. In the second subsection, we define a unbalance
possibility to measure the downsampling unbalance. If the
unbalance possibility is high, the MST-based downsampling
will be improved. In the last subsection, we propose a method
to improve the performance of MST-based downsampling
method, such that the sampling rates remain close to 1

2 for
multi-level downsampling.

A. Examples of MST-based downsampling

The MST-based downsampling is well-fitted to the graph
signals defined on sparse or regular graphs. As shown in Fig.
1, MST-based downsampling on graph signals defined on path,
cycle and grid graphs can produce sampling rates very close
to 1

2 .

Fig. 1: (Reproduced from [[8], Fig. 5]) Examples of balanced
MST-based downsampling on path, cycle, and grid graphs. (a)
(d) (g) are the path, cycle, and grid graphs, respectively; (b)
(e) (h) are the MSTs of graphs; (e) (f) (i) are the downsampled
subgraphs at first level. The sampling rates are 3

5 , 3
5 , and 1

2 ,
respectively, from top to bottom.

However, if the underlying graph of the signal is a densely
connected unweighted graph, the downsampling becomes un-
balanced. For example, in Fig. 2 (a), a signal is defined on a
densely connected random graph with (N, p) = (1000, 0.05),
the average degree of the graph is 50.2320. A random graph
RG(N, p) is a graph with N vertices and the edges are
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independently generated according to a Bernoulli distribution
of parameter p ∈ [0, 1]. The vertex numbers given by 4 levels
of MST-based downsampling on this graph signal are 461, 231,
61, and 1. The sampling rates are 0.4610, 0.5011, 0.2641, and
0.0164, the last two values are not close to 1

2 , Fig. 2 (b)-(d)
present the downsampled subgraphs at level 1-3 which also
indicate the downsampling unbalance via MST.

(a) (b)

(c) (d)

Fig. 2: MST-based downsampling of a signal defined on
Random graph with (N, p) = (1000, 0.05): (a) Original graph
signal; (b) Downsampled level 1; (c) Downsampled level 2;
(d) Downsampled level 3.

B. Measurement of unbalance

In order to detect downsampling unbalance for general
graph signals, we apply the average degree to construct a
measurement for estimating the possibility of unbalance. The
unbalance possibility is defined as

pub(G) =
∣∣∣1− 2

d

∣∣∣ (4)

where d = |E|
|V| is the average degree of the graph. The relation

(4) indicates that the denser the graph is, the downsampling
unbalance is more likely to occur. For example, for a path
graph PN with N vertices, its average degree is d = 2N−2

N ,
then the unbalance possibility is pub(PN ) = 1

N−1 . And for
a cycle graph CN , pub(CN ) = 0. As presented in Fig. 1,
the sampling rates for path and cycle graphs are very close
to 1

2 . That is, the possibilities of unbalanced downsampling
of these graphs are very small, which is consistent with our
measurement by using pub(·).

But for other complicated graph signals, the unbalance
possibilities are relatively high. In Table I, we present the
unbalance possibilities for random graphs RG(N, p) with
N = 1000, p = 0.1, 0.01, 0.005, Minnesota road graph, and
a real world social network data Caltech36 Facebook social
network [12], which is the house affiliation situation of the
Facebook users of Caltech in 2005.

TABLE I: Unbalanced downsampling possibilities via MST-
based downsampling for different graphs, A.D. = Average
Degree, U.P. = Unbalance Possibility

A.D. U.P.
RG(1000,0.1) 99.89 0.98
RG(1000,0.01) 9.98 0.79
RG(1000,0.005) 5.04 0.60
MINN.G. (2604) 2.5 0.20
Caltech36 (762) 43.70 0.95

Clearly, the average degree of Minnesota road graph is 2.5,
which lead to a small unbalance possibility of 0.2. While
the other graphs are densely connected and therefore the
unbalance possibilities are relatively high.

C. Improved MST-based downsampling algorithm
As shown in last subsection, the unbalance downsampling

occurs when the graph is unweighted and densely connected.
In this subsection, we propose a method to improve the per-
formance of MST-based downsampling to reduce unbalanced
downsampling.

The reason for unbalanced downsampling is that most of the
vertices of the graph are displayed at the first several depths in
the MST. In fact, the edges of a unweighted graph are treated
equally when we searching for a MST, then if the graph is
densely connected, almost all the vertices connected to the root
vertex will be retained in the MST. The vertices connected
to the children of the root vertex are again retained. Thus,
in order to obtain a balanced downsampling, we should only
retain a small portion of the edges connected to each vertex.
In the following, we propose a method to improve the MSTs
of unweighted densely connected graphs to achieve balanced
downsampling.

The procedures of the algorithm are as follows:
a) For a unweighted graph G = {V, E}, calculate its

unbalance possibility pub(G), if pub is too high, say, pub > 0.3.
Then the MST of G has to be improved.

b) Calculate the distance between each pair of connected
vertices, denote it by d(i, j), if e(i, j) ∈ E ; the distance may
be defined as physical distance or Euclidean distance. Then we
construct a new associated weighted graph G̃ = {V, E ,Wnew}
as follows:

c) Normalize d(i, j) to be in the interval of [0, 1]: d(i, j) :=
d(i,j)

max{d(i,j)} .
d) Set a threshold value tmin, and a scale parameter 0 <

α� 1, and let wnew(i, j) = αd(i, j), if d(i, j) < tmin.
e) Select another threshold value tmax, we set wnew(i, j) =

d(i, j), if d(i, j) ≥ tmax. For the remaining set {e(i, j) ∈
V, tmin ≤ d(i, j) ≤ tmax}, select an integer M , and let

β =
tmax − tmin

M
. (5)

We then define Dm = {d(i, j), tmin + β(m − 1) ≤ d(i, j) ≤
tmin + βm}, m = 1, 2, · · · ,M , and construct new edge
weights by

wnew(i, j) =
d(i, j)−min(Dm)

max(Dm)−min(Dm)
, if d(i, j) ∈ Dm (6)
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Then we obtain an associated weighted graph G̃ =

{V, E ,Wnew}, with Wnew =
(
wnew(i, j)

)
.

f) Find the MST of G̃, and denote it by T̃ . Changing T̃ into
an unweighted tree T , we then use T as the improved MST
of G.

g) Apply the MST-based downsampling method on the
improved MST: T , we obtain balanced dowsampling sets with
sampling rate close to 1

2 .

IV. EXPERIMENTS

In this section, we present the experiment results on syn-
thesis graph signals. In the experiments displayed below, we
compare the performance of MST-based downsampling by
using our improved MST and the original MST in terms of
sampling rate for graph signals defined on densely connected
unweighted graphs. The experiments are conducted in Matlab
R2010b with Graph Downsampling Toolbox [10], and Mat-
labGBL [11]. In the improved MST-based downsampling algo-
rithm, we select d(·, ·) be the Euclidean distance, tmin = 0.1,
tmax = 0.8, α = 0.01, M = 10.

(a) (b) (c)

(d) (e) (f)

Fig. 3: Improved MST-based downsampling of a signal defined
on densely connected random graph: (a) Original graph signal;
(b) Downsampled level 1; (c) Downsampled level 2; (d) Down-
sampled level 3; (e) Downsampled level 4; (f) Downsampled
level 5;

We apply our proposed improved MST-based downsampling
on the graph signal defined on random graph RG(1000, 0.05)
as presented in Section II (A), the corresponding unbalance
possibility is larger than 0.8. The first 5 downsampled levels
of this graph signal via our proposed improved MST are
presented in Fig. 3.

TABLE II: Sampling rates via the original and improved MST-
based downsampling on a signal defined on random graph.

Downsampling level Original MST Improved MST
l=1 0.4610 0.4910
l=2 0.5011 0.5418
l=3 0.2641 0.5038
l=4 0.0164 0.4776
l=5 – 0.4219

The vertex numbers of the first 5 levels given by our improved
MST-based downsampling are 491, 266, 134, 64, 27. The
sampling rates generated by using both the original and
improved MSTs are given in Table II, which indicate that the
improved MST generates sampling rates closer to 1

2 . Note that
downsampling can not be downsampled at levels larger than
4 by using the original MST.

V. CONCLUSION

In this paper, we propose a new method to improve the
performance of the MST-based downsampling on graph sig-
nals. In the framework of our proposed method, the unbal-
ance possibility is calculated for each graph signal. If the
unbalance possibility is too high, the MST of the graph will
be improved by using an associated weighted graph, and
then the downsampling operation will be applied on the new
MST. Our experiment results show that our proposed method
can efficiently reduce the unbalance generated by MST-based
downsampling, and generate more downsampling levels with
sampling rate closer to 1

2 than the original MST.
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