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Abstract—The emerging field of graph signal processing re-
quires a solid design of downsampling operation for graph
signals to extend pattern recognition, machine learning and signal
processing techniques into the graph setting. The state-of-the-
art downsampling method is constructed upon the maximum
spanning trees of the graphs. However, under the framework
of this method, unbalanced downsampling often occurs for
signals defined on densely connected unweighted graphs, such
as social network data. The unbalance also significantly reduces
the maximal downsampling level, making it smaller than the level
we expect. In applications, the maximal level must be estimated
to ensure that it is larger than the expected level; meanwhile,
the unbalance has to be reduced, if it occurs. In this paper, we
propose a novel method to jointly estimate the maximal level and
reduce the downsampling unbalance. This method also offers an
estimation of the possibility of unbalanced downsampling. If a
graph signal is classified to be with high unbalance possibility, the
maximum spanning tree will be updated to generate a balanced
downsampling. The simulation results on synthesis and real world
data support the theoretical analysis.

I. INTRODUCTION

In many techniques of pattern recognition and machine
learning, high dimensional data are usually processed by
a well-designed framework, such as Convolutional Neural
Network (CNN) and Scale Invariant Feature Transform (SIFT),
for the goals of classification, clustering or recognition [1], [2].
Downsampling is an ubiquitous operation in these frameworks.
For example, in a CNN, a downsampling or “pooling” layer is
applied after a convolutional layer; while in the SIFT frame-
work, downsampling is applied multiple times to establish
multiscale octaves to extract key points.

Recently, in an emerging research field called graph signal
processing, downsampling methods of graph signals, which are
signals defined on graphs or networks, have been investigated
by researchers to construct pattern recognition or signal pro-
cessing techniques similar to that in regular domains. The core
problem of graph signal processing is to extend classical signal
processing techniques for handling the graph signals [3], [4].
For instance, the graph Fourier transform, which behaves as
the Fourier transform in classical signal processing, is defined
by using either the eigenvectors of the Laplacian matrices [7]
or the Jordan eigenvectors of the adjacency matrices [8] of
the graphs. Basic operations and classical techniques have
been constructed for graph signals upon the graph Fourier
transform, such as translation, modulation, filtering operations

[4], sampling and recovery of graph signals [9], windowed
Fourier transform [5], and graph wavelet filter banks [10],[11].

Even though downsampling is also a basic operation in
graph signal processing, solid construction of this operation
is still an open topic. Graph coloring-based downsampling
method have been proposed in [10] as a component of graph
wavelet filter banks. However, by this method, every graph
signal can only be downsampled once, since the downnsam-
pled vertices are not connected to each other. Another down-
sampling method is constructed by applying the eigenvector of
the largest Laplacian eigenvalue [6]. This method is limited by
the computation complexity of the Laplacian eigenvectors for
large scale datasets. The state-of-the-art downsampling method
is established upon the maximum spanning trees (MSTs) of
the graphs [12]. This MST-based method generated multiscale
connected subgraphs while only required a small amount of
computational time. The MST-based downsampling performs
similar to classical downsampling operation, and keeps the
sampling rate close to 1

2 for signals defined on sparse graphs.
For signals defined on densely connected unweighted graphs,
such as social network data, the MST-based downsampling
become unbalanced, i.e. the sampling rate does not remain
close to 1

2 . The unbalance often significantly reduces the
maximal level of downsampling Lmd, making it smaller than
the expected level Lexp in a specific framework, such as SIFT.
Thus, Lmd must be estimated to ensure that Lexp ≤ Lmd;
meanwhile, unbalance has to be reduced if it occurs.

In this paper, we propose to improve the MST-based down-
sampling method by reducing the downsampling unbalance.
We apply the heavy-light decomposition (HLD) of trees to
analyze the structures of the MSTs. By using HLD, we can
jointly predict downsampling unbalance and estimate Lexp.
We also propose a new method to improve the performance of
MST-based downsampling if unbalance possibility is too high.
Experiment results on synthesis and real-world data shows
that our proposed method outperforms the original MST-based
method in the sense of downsampling balance.

The rest of this paper is organized as follows. In Section
II, we briefly review the basic notations, and backgrounds. In
Section III, we propose our method to predict and reduce the
downsampling unbalance. In Section IV, we present experi-
ment results of our proposed method. Section V concludes
this paper.
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II. DOWNSAMPLING OF GRAPH SIGNALS

In this section, we briefly review the related concepts of
graph theory, downsampling operations in classical and graph
signal processing.

A. Notations and preliminaries

In this paper, we consider signals defined on weighted
connected graphs. A graph signal f ∈ RN is represented by a
graph with its kth signal element corresponds to the kth vertex
of a graph. Specifically, we denote a graph by G := (V, E ,W),
where V = {v0, v1, · · · , vN−1} is the set of vertices, E is the
set of edges, W ∈ RN×N is the adjacency matrix whose
entries Wi,j measures the underlying relation between the ith
and jth vertices and Wi,j = Wj,i. Wi,j is also referred to as
the weight assigned to the edge e(i, j) ∈ E which connects
the ith and jth vertices. The degree matrix D ∈ RN×N of
G is a diagonal matrix whose i-th diagonal entry is given by
Di,i :=

∑
jWi,j . Then di = Di,i is called the degree of

vertex i. A graph G is called unweighted if Wi,j = 1 for any
connected pair of vertices vi and vj , otherwise, Wi,j = 0. G
is called a bipartite graph if V can be partitioned into two
disjoint subsets V1 and V2, such that each edge of G connects
one vertex in V1 to one in V2. A spanning tree T of a weighted
graph G is a tree that contains all the vertices and a subset of
edges of G. T is called a maximum spanning tree (MST) of
G if its sum of weights is maximum among all the spanning
trees of G.

B. Classical downsampling operation

In classical signal processing, the downsampling operation
on a signal x ∈ RN with sampling rate 1

2 can be describe by
the relation

xd(n) = x(2n+ 1), 1 ≤ 2n+ 1 ≤ N. (1)

Thus we have:
a) The sample numbers of the downsampled signal is equals
to either N

2 or N+1
2 , i.e. the sampling rate is equals to or very

close to 1
2 ;

b) In the sense that the last level of downsampling produce
a signal of length 2, the maximal level of downsampling
(Lmd) of a signal can be given by blog2(N − 1)c, the maximal
integer smaller than log2(N − 1).

C. Downsampling on graphs via MST

In the following, we have a short introduction to the MST-
based downsampling method [12].

Let T0 = (V0, E0,WT0) be an MST of graph G =
(V0, E ,WG). We can define the tree distance between vertices
i and j by dT0(i, j) as the number of edges of the shortest path
in T0 that connects i and j. We denote the root vertex of T0 by
r ∈ V0. The vertex set V0 is then partitioned into downsampled
vertex set V1 and V0\V1, where V1 includes all the vertices
with even tree distance from r, i.e.

V1 := {i ∈ V0 : dT0(i, r) is even}. (2)

In order to construct a connected subgraph, the vertices in
V1 are re-connected by connecting any vertex i 6= r to its
grandparent vertex, and the weights assigned to the edges are
given by

WT1(i, g0(i)) =
2

1
WT0 (i,p0(i))

+ 1
WT0 (p0(i),g0(i))

, (3)

where p0(i) and g0(i) are the parent and grandparent vertices
of i in T0. A tree multiscale decomposition with L levels
T0 ⊃ T1 ⊃ · · · ⊃ TL−1, can be constructed by repeating
the procedure above on the downsampled subtree Tl to obtain
a vertex subset Vl+1 and generate a subtree with the edge
weights similarly given by:

WTl+1
(i, gl(i)) =

2
1

WTl (i,pl(i))
+ 1

WTl (pl(i),gl(i))

, (4)

for i ∈ Vl+1. We define the maximal level of downsampling
(Lmd) of a graph signal as the maximal integer L such that
the vertex number in VL larger than 1.

III. MODIFYING MST-BASED DOWNSAMPLING

MST-based downsampling on densely connected unweight-
ed graphs will lead to a sampling rate far from 1

2 in level
2 or level 3. This phenomenon will be called unbalanced
downsampling in this paper. The unbalance often leads to a
small maximal level of downsampling Lmd, which may be
smaller than the expected level Lexp in a specific framework,
such as SIFT or multi-scale discrete wavelet transform. Thus,
Lmd must be estimated to ensure that Lmd ≥ Lexp. In this
section, we address the problem of unbalanced MST-based
downsampling by analyzing the MST-based downsampling
and improving its downsampling balance. We will apply the
heavy-light decomposition (HLD) to analyze the structure of
the MSTs and then use the percentage of single leaf (P sl) in
the HLD to measure the downsampling unbalance. Lmd can
also be estimated by using the length of the heaviest path in
the HLD. If P sl is too large or Lmd < Lexp, we propose a new
method with a parameter σ to improve the MSTs to generate
sampling rates close to 1

2 . The flow chart of this section is
presented in Fig. 1.

A. Unbalanced MST-based downsampling

The performance of MST-based downsampling depends
strongly on the complexity of the underlying graphs of the
signals. Since every spanning tree of a unweighted graph is
a MST, if the graph is densely connected and unweighted,
the searching for a MST will leads to a dense tree. That
is, a large proportion of the vertices will be displayed in
the first several depth of the MST. Therefore, MST-based
downsampling on densely connected unweighted graphs are
prone to be unbalanced. But, MST-based downsampling on
sparse graphs, such as the Minnesota road graph, does not
lead to unbalance, since the MSTs are still sparse.

In Fig. 2 (a)-(c), MST-based downsampling on a signal
defined on Minnesota road graph is balanced, the sampling
rates of two levels of downsampling are 0.5034 and 0.5317.
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Fig. 1: Flow chart of the modified MST-based downsampling.

(a) (b) (c)

(d) (e) (f)

Fig. 2: Balanced and unbalanced downsampling on Minnesota
road graph and Caltech36: (a) Original signal on Minnesota
road graph; (b) Downsampled level 1 of (a); (c) Downsampled
level 2 of (a); (d) Original signal on Caltech36; (e) Downsam-
pled level 1 of (d); (f) Downsampled level 2 of (d).

Downsampling on a graph signal defined on the densely
connected and unweighted social network Caltech36 [15] as
presented in Fig. 2 (d), is unbalanced. The sampling rates of
the first two levels of downsampling, which are presented in
Fig. 2 (e) and (f), are 0.5407 and 0.3301. Note that Lmd of
this signal is 2.

B. Analysis on MST via Heavy-Light Decomposition (HLD)

As we mentioned in Section II, Lmd of a signal can be
estimated by blog2(N − 1)c. In this subsection, we will first
estimate Lmd by using the HLD. The HLD decomposes a
tree into a disjoint set of paths [13]. We will also use P sl,
the percentage of vertices that each of them is a path as
a single leaf in the HLD, as a measurement of unbalanced
downsampling.

HLD Let T be a N -vertex tree with root vertex r. For any
non-leaf vertex v in T , we denote the subtree rooted on v by
Tv , which consisting of all the descendants of v and v itself.
We then denote by |Tv| the number of vertices in Tv . The
vertices of T are then classified as either heavy or light vertex
according to subtree vertex numbers. For each non-leaf vertex
v in T , let u be the child vertex such that |Tu| is maximal
among the children of v and classify it as heavy; the other
children of v are then classified as light. T is divided into a
family of vertex-disjoint paths by removing the edges between

light vertices and their parents. That is,

HLD(T ) = {Pk}Mk=1,V(Pk) ∩ V(Pj) = ∅, if k 6= j, (5)

where M < N , V(Pk) is the vertex set of Pk. The percentage
of single leaf P sl is defined by:

P sl(T ) =
1

N

∣∣∣{Pk|Pk ∈ HLD(T ) and |Pk| = 1}
∣∣∣ (6)

For convenience, the path which contains the root r is called
the heaviest path. Fig. 3 presents the HLD of a tree, where
each path is colored with different color, then P sl = 3

16 .

Fig. 3: H-L decomposition of a tree with 16 vertices, the
path with red vertices is the heaviest path, number above each
vertex is the vertex number of the subtree rooted at the vertex.

In general, if the length of the longest root-to-leaf path
of the MST of a graph is K, Lmd can be estimated by
blog2(K − 1)c. However, we can use the heaviest path as
an approximation of the longest root-to-leaf path, since we
have the following relation between the heaviest path and the
longest root-to-leaf path.

Proposition III.1. For a connected graph with N vertices,
let Phst be the heaviest path in its maximum spanning tree
(MST), and Plgt be the longest root-to-leaf path. If for any
root-to-leaf path P = {r, u1, u2, · · · , uP } in the MST, there
exist positive integers c1, c2 and a, such that c2 < c1 and the
degrees of the vertices satisfy,

c2a
−k ≤ deg(uk) ≤ c1a−k, (7)

for k = 1, 2, · · · , P . Then there exist constants p1 < 1, p2 <
0, and p3, with |p3| � 1 such that

|Phst| ≥ (
(1− p1)(logc2 + p2)

logc1 + p2
− p3)|Plgt|. (8)
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Proof. Suppose that Phst = Plgt, then inequality (8)
holds trivially. Otherwise, let Phst ∩ Plgt = {r =
v0, v1, v2, · · · , vL}, L ≥ 0.

We denote |TvL | = M , deg(vL) = d, and children of vL:
vLh ∈ Phst, vLl ∈ Plgt. Then we have, Md ≤ |TuLh

| ≤M−1,
|TuLl

| ≤ M
d . By Condition (8), the remained length of Phst

and Plgt can be estimated by two constants defined as follows,

l1 = min{l ∈ N|Cl :=
M

d

a(1+2+···+l)

(c1a−L)l
< 1} (9)

l2 = min{l ∈ N|C̃l :=
M

d

a(1+2+···+l)

(c2a−L)l
< 1} (10)

since c1 > c2, we have l1 < l2, therefore, L + l2 ≥ |Plgt| ≥
Phst ≥ L+ l1.

In addition, by the definition of l1 and l2, there exists a
sufficient small constant δ, such that

1 + δ =
Cl1

C̃l2
=

(c1a
−L)−l1

(c2a−L)−l2
1

a
(l1+l2+1)(l2−l1)

2

. (11)

Since a ∈ N, l1, l2 > 1, we have

1 + δ ≥ (c1a
−L)−l1

(c2a−L)−l2
1

al2(l2−l1)
. (12)

Thus we have

l1
l2
≥ log(c2a

−L)

log(c1a−L)
− log(1 + δ)

l2log(c1a−L)
− loga(l2−l1)

log(c1a−L)
(13)

Let l3 ∈ N be the maximal integer such that c2 > al3 , then
we have l3 > l2, while L < l1, we have l3−L > l2− l1, then
let l3 − L = c(l2 − l1), we have c > 1. Thus we have

a(l2−l1) = a
1
c (l3−L) < (c2a

−L)
1
c

Then by (13) and since l2 > 1

l1
l2
≥

(1− 1
c )log(c2a

−L)

log(c1a−L)
− log(1 + δ)

log(c1a−L)
(14)

Therefore, we have

|Phst|
|Plgt|

≥ L+ l1
L+ l2

≥
(1− 1

c )log(c2a
−L)

log(c1a−L)
− log(1 + δ)

log(c1a−L)
(15)

Now let p1 = 1
c , p2 = −Lloga, p3 = − log(1+δ)

log(c1a−L)
, thus we

have
|Phst|
|Plgt|

≥ (1− p1)(logc2 + p2)

logc1 + p2
− p3 (16)

Thus, inequality (8) is obtained. �
Proposition III.1 shows that the longest root-to-leaf path

can be approximated by the heaviest path. In fact, in many
experiments, constant c in the proof of Proposition III.1 is
usually large enough such that 1 − p1 is close enough to 1,
making the heaviest paths to be the longest paths. Thus, Lmd

can be given by blog2(K − 1)c if the length of the length of
the heaviest path is K.

In addition, in our experiments, the higher the P sl in the
HLD, the higher possibility the unbalanced downsampling

to occur. Therefore, we will use P sl as a measurements of
downsampling unbalance in the following.

Table 1 presents statistical results of Erdös-Rényi random
graphs and real world data of social networks. The edges of
random graphs are generated according to a Bernoulli distribu-
tion, with a parameter p ∈ [0, 1]. Each result for random graphs
is averaged over 1000 graphs with 1000 vertices: RG(1000, p).

TABLE I: Statistical results of HLD for MSTs, AD=average
degree, LHP=length of heaviest path, RG=random graph,
MINN.G=Minnesota road graph.

Graphs (vertex number) AD LHP Lmd P sl

RG(1000,0.1) 99.89 7.49 2 - 3 0.92
RG(1000,0.01) 9.98 15.54 3 - 4 0.57
RG(1000,0.005) 5.04 20.91 4 - 5 0.37
MINN.G. (2640) 2.5 196 7 0.1288
Caltech36 (762) 43.70 6 2 0.7048

As shown in Table I, the Minnesota road graph has low
Psl, thus the MST-based downsampling will be balanced, as
presented in Fig. 2. The other graphs are very likely to be
unbalanced downsampled, since the P sl’s are too large.

C. Updating the MST-based downsampling

In the following, we propose a simple but efficient method
to improve the performance of MST-based downsampling on
densely connected unweighted graphs. As mentioned in Sub-
section A, the MST of a densely connected unweighted graphs
is also dense, which leads to the downsampling unbalance. In
order to obtain balanced downsampling, the MSTs have to
be updated to be sparse. Thus, we introduce an associated
weighted graph to find a sparser MST for the original graph.
The procedures are summed up as follows.

a) For any signal defined on a unweighted graph G =
{V, E ,W}, set an expected downsampling level Lexp, and
a threshold t of P sl, say 0.35. We calculate the MST of
G, and then apply HLD algorithm to estimate the Lmd, if
Lmd < Lexp, or Psl > t, we apply the following procedures
to modify the MST of the graph:

(b) Calculate the distance dist(i, j) between vertices i
and j for any e(i, j) ∈ E . The distance function can be
defined as physical or Euclidean distance. We then construct
an associated weighted graph G̃ = {V, E ,W̃}, whose weights
are given by a Gaussian function:

w̃(i, j) = exp
(
− [dist(i, j)]2

2σ2

)
, (17)

if e(i, j) ∈ E , where σ is selected to control the distribution
of the weights.

c) Calculate the MST of the associated weighted graph: T̃ .
d) Substitute all the non-zero weights in T̃ by 1, we then

obtain a new MST of G: T .
(e) Calculate Lmd and Psl of T , if Lmd < Lexp, or Psl > t,

then decrease σ, and repeat (b)-(d) again until Lmd ≥ Lexp,
and Psl ≤ t.
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IV. EXPERIMENTS

In this section, we present the experiment results on synthe-
sis and real world graph signals. The experiments are conduct-
ed in Matlab R2010b with Graph Downsampling Toolbox
[12], and MatlabGBL [14].

We first present the statistical results of the HLD in Table
II for the updated MSTs produced by one iteration of our
proposed method since Lexp is not given by any specific
framework. Here the distance function we applied is the
Euclidean distance, while σ = 0.2.

TABLE II: Comparison of Lmd and Psl of HLDs for improved
(IM) and the original MSTs, N=1000.

Lmd(IM) Psl(IM) Lmd [12] Psl [12]
RG(N ,0.1) 5 - 6 0.22 2 - 3 0.92
RG(N ,0.01) 5 - 6 0.23 3 - 4 0.57
RG(N ,0.005) 5 - 6 0.23 4 - 5 0.37
Caltech36 6 0.31 2 0.70

Psl in Table II shows that the possibility of unbalanced
downsampling via our improved method significantly deceased
when comparing to the original MST-based method in [12].
Meanwhile, the Lmd given by our improved method is larger
since the unbalance downsampling is eased.

(a) (b)

(c) (d)

(e) (f)

Fig. 4: Improved MST-based downsampling of a signal defined
on social network Caltech36: (a) Original graph signal; (b)-(f)
Downsampled level 1-5,respectively.

As presented in Fig. 2 (d)-(f), the graph signal defined
on Caltech36 is unbalanced downsampled and has a Lmd of

2 via the original MST-based downsampling. We apply our
proposed method to update the MST and then downsample the
signal via the updated MST. Lmd of the updated MST is 6.
Corresponding to Fig. 4 (b)-(f), the first 5-level sampling rates
are 0.5144, 0.4337, 0.4647, 0.5823, 0.2826, which indicates
that the downsampling balance of this signal is improved by
our proposed method.

V. CONCLUSION

In this paper, we address of problem of unbalanced down-
sampling generated by MST-based downsampling on graph
signals. We apply the heavy-light decomposition to analyze
the structures of the MSTs, then an improved MST-based
downsampling method is proposed to ease the downsampling
unbalance. Experiment results show that our proposed method
outperforms the original MST-based method.
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