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Abstract— In this paper, we propose a novel sparsity-based
image error concealment (EC) algorithm through adaptive dual
dictionary learning and regularization. We define two feature
spaces: the observed space and the latent space, corresponding to
the available regions and the missing regions of image under test,
respectively. We learn adaptive and complete dictionaries individ-
ually for each space, where the training data are collected via an
adaptive template matching mechanism. Based on the piecewise
stationarity of natural images, a local correlation model is learned
to bridge the sparse representations of the aforementioned dual
spaces, allowing us to transfer the knowledge of the available
regions to the missing regions for EC purpose. Eventually, the
EC task is formulated as a unified optimization problem, where
the sparsity of both spaces and the learned correlation model
are incorporated. Experimental results show that the proposed
method outperforms the state-of-the-art techniques in terms of
both objective and perceptual metrics.

Index Terms— Image error concealment, dual dictionary
learning, sparse coding, kernel ridge regression.

I. INTRODUCTION

RELIABLY delivering images/videos over wireless net-
works is a challenging task, as packet erasures of these

error-prone channels often lead to serious distortions in the
received signals. A straightforward way of correcting errors
is to retransmit the lost data, e.g., using the Automatic
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Repeat reQuest (ARQ) mechanism. Unfortunately, in many
practical situations such as multicast and broadcast channels,
retransmission is infeasible. It is therefore crucial to explore
error resilience techniques to guarantee the quality of the
multimedia data with limited transmission conditions. Among
various types of solutions, error concealment (EC), as a post-
processing method, is an attractive approach to alleviate the
negative effect of blocks loss, without modifying the encoder
or imposing any constraints on the channel conditions.

According to the information utilized, EC algorithms can be
classified into three categories: 1) spatial EC (SEC) [8]–[15];
2) temporal EC (TEC) [3], [4]; and 3) spatial-temporal EC
(STEC) [5]–[7]. The SEC algorithms are normally applied in
situations where information from neighboring frames is not
available (images or intra coded video frames), hence having
to rely entirely on the information from intact neighboring
blocks. The TEC techniques purely exploit the correlation in
the temporal domain, while the STEC approaches attempt to
combine the correlation in both spatial and temporal domains.
In this work, we concentrate on the SEC methods, namely, we
are primarily concerned with the recovery of missing blocks
in images using spatial information.

Many SEC techniques have been proposed in the literature
exploiting image statistical properties to conceal corrupted
regions. Some of them are interpolation-based, taking advan-
tage of the fact that image features are locally correlated.
Sun and Kwok [9] utilized spatially correlated edge informa-
tion from a large local neighborhood of surrounding pixels
to conceal damaged blocks. This approach can be viewed
as an alternating projection onto convex set (POCS) method.
Zeng and Liu [11] proposed to recover lost pixels by an
interpolation scheme that makes use of the local geometric
information extracted from surrounding pixels. The above two
methods are capable of recovering major edges; but may
create false stripes in smooth areas. Li and Orchard [12]
designed the orientation adaptive interpolation (OAI) scheme
to recover lost pixels, providing flexible in-block directions
due to its sequential operating manner. However, the recovery
performance of this method in texture regions is not satisfac-
tory. Koloda et al. [13] developed a sparse linear prediction
(SLP) algorithm, in which lost regions are estimated sequen-
tially with a weighted combination of templates extracted
from the available neighborhood. This technique reconstructs
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Fig. 1. Block diagram of the proposed scheme. We fill a small fraction of the missing region U each time, which is denoted as the red patch xu
i in the figure.

The available pixels xs
i surrounding xu

i are used as the template. xu
i and xs

i are called the latent component and the observed component respectively. The
template matching is exploited to find a batch of blocks having similar template vectors from the available region S. The pixels in the corresponding locations
of the latent and observed component in these obtained blocks constitute the latent and the observed space, respectively, which are further used to learn dual
adaptive dictionaries and a local correlation model. Finally, the EC task is formulated as an optimization problem, where the sparsity of both spaces and the
learned correlation model are incorporated.

large-scale edges and textures well; but fails in fine detail
regions. More recently, Koloda et al. [14] proposed a minimum
mean square error (MMSE)-based approach to recover missing
pixels by employing a probability density function obtained
from kernel density estimation. In [15], Liu et al. suggested
to successively reconstruct missing blocks based on adaptive
linear predictor (ALP), which automatically tunes its order
and support shape according to local contexts. It was reported
that better edge preservation can be achieved, compared
with [13] and [14].

With the ever increasing popularity of signal sparse repre-
sentation, the sparsity prior of multimedia signal has also been
introduced into the EC problem. Along this line, Guleryuz [16]
performed nonlinear approximation with adaptively deter-
mined sparsity constraints for recovering missing regions.
Li [17] reconstructed missing regions based on hybrid sparse
representations by exploiting local and nonlocal information,
in which the sparsity constraints are enforced by hard thresh-
olding in a predefined waveform bases. In [18], a nonpara-
metric Bayesian method was designed for recovering missing
image pixels, where a truncated beta-Bernoulli process was
used to infer an appropriate dictionary from the corrupted
image.

The current sparsity-based EC methods either exploit the
“off-the-shelf” fixed bases such as DCT and FFT [16], [17],
or train an over-complete dictionary for the concatenated
feature space of the available and the missing regions from the
corrupted image [18]. However, both approaches have their
own drawbacks. On one hand, despite their simplicity, the
dictionaries with fixed bases are limited in their expressive
power, since they are not adaptive to image content. On the
other hand, considering that the available training data of the
corrupted image is limited, it is not easy to train a robust over-
complete dictionary by a learning approach. The construction
of sparsity-based prior model can easily run into the problem
of stochastic complexity, or high model cost in the principle
of minimum description length. In this work, we propose to
learn dual adaptive and complete dictionaries to overcome the
above difficulties.

After obtaining the dictionary, existing sparsity-based
EC algorithms, as reviewed in [19], divide it into two

sub-dictionaries, corresponding to the available and the miss-
ing regions, respectively. One subsequently seeks the best
sparse representation of the available signal with respect
to its corresponding sub-dictionary. The same sparse linear
combination of atoms is further used to approximate the miss-
ing signal with respect to the corresponding sub-dictionary.
Obviously, the same sparse representation assumption under-
lying is strong. It performs well only when the available
and the missing data are drawn from the same distribution.
In practice, however, sparse representations of the available
and the missing regions could be rather different, especially
when erasures happen in the object boundaries. This, in turn,
implies that the sparsity of missing regions is not thoroughly
exploited.

In this paper, we propose a novel EC technique that reme-
dies the above drawbacks of the existing sparsity-based meth-
ods. The block diagram of the proposed scheme is illustrated
in Fig. 1. We specifically define two spaces: the observed
space and the latent space, corresponding to the available
and the missing regions of the corrupted image, respectively.
We then learn adaptive and complete dictionary for each space
individually, where the training data are collected through
an adaptive template matching mechanism. Based on the
piecewise stationarity of natural images, a local correlation
model is learned to bridge the sparse representations of the
aforementioned dual spaces, allowing us to flexibly transfer
the knowledge of the available regions to the missing regions
for EC purpose. Eventually, the EC task is formulated as
an optimization problem, where the sparsity of both spaces
and the learned correlation model are incorporated. As far
as we know, this is the first work in image EC/inpainting
literature to design dual dictionaries for recovering missing
blocks. Experimental results show that the proposed method
outperforms the state-of-the-art techniques by a big margin, in
terms of both objective and perceptual metrics.

The rest of this paper is organized as follows. Section II
presents an overview of the sparsity-based error conceal-
ment. Section III details the training data collection process
and the proposed dual-space dictionary learning technique.
In Section IV, we cast the dual-space sparse representation
and regularization into a unified framework and introduce
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Fig. 2. Block diagram of the existing sparsity-based EC scheme. The red patch is the one under process. The blue patches are the ones collected by template
matching, which serve as training samples in dictionary learning.

an iterative optimization strategy. Section V presents the
experimental results and comparative studies, and section VI
concludes this paper.

II. OVERVIEW OF SPARSITY-BASED ERROR

CONCEALMENT

In this section, we review the general scheme of sparsity-
based EC and analyze its limitations, which further serves as
the motivation of developing the proposed new scheme.

A. Problem Formulation of Error Concealment

We begin with the problem setup of image EC. Let O be
the original image, and X be its corrupted version caused by
packet erasure. In EC, the problem is how to generate an
estimate Ô from the available part of X, such that Ô and
O are close under some criteria. Specifically, estimating Ô
from X can be considered as a function F : � → R/R3

(graylevel/color image), where � defines the image spatial
domain. According to the packet erasure pattern, the domain
� of X can be regarded as composed of two parts: � =
U∪S, where S represents the available (received or previously
recovered) part of X, and U associates with the missing part
of X, which we try to recover. Without loss of generality, we
only consider graylevel image EC in this paper.

Define xi as the patch centered on pixel i that locates
on the contour of U. The pixels in xi ∈ Rd are ordered
lexicographically. Clearly, in analogous to the partition of U
and S, the patch xi can also be regarded as a combination
of two parts: the available part xs

i ∈ �ds and the missing part
xu

i ∈ �du , d = ds +du , as illustrated in Fig. 2. Mathematically,
we can write xu

i = Hxi and xs
i = Hxi , where H is the

degradation matrix and H is the complementary of H. In
other words, H and H together sample all the pixels in xi .
The problem of recovering the missing part is to find the best
estimate of xu

i , given the set of all the available pixels in S.

B. Sparse Representation

Error concealment is an ill-posed inverse problem, and
thus, additional prior knowledge of natural images is required
for effective solution. One feasible choice is the sparsity
prior, which has been successfully employed in many image
restoration tasks [21], [23].

Sparse representation based modeling assumes that a signal
can be effectively represented by a sparse linear combination
of atoms from a given or learned dictionary. Let � =
[φ1, φ2, · · · , φK ] ∈ �M×K be the dictionary, where M ≤ K
and each vector φi is an atom of the dictionary. A signal
x ∈ �M can be represented as a linear combination of atoms
of �, with some perturbation ε, i.e.,

x = �α + ε,α ∈ �K . (1)

We say that the representation is sparse if ‖ε‖2 � ‖x‖2 and
‖α‖0 � K hold simultaneously. To obtain efficient algorithms,
a commonly employed technique is to relax the nonconvex �0
norm to the convex �1 norm, leading to the following convex
optimization problem:

arg min
α

‖x − �α‖2
2 + λ‖α‖1, (2)

where λ is the regularization parameter balancing the sparsity
and the reconstruction quality.

C. Sparsity-Based Error Concealment

In the literature, the sparsity-based error concealment is
usually carried out patch by patch. For each patch xi formed
by both the available part xs

i and the missing part xu
i , one first

decides the dictionary either by the predefined waveform basis
(DCT or FFT), or by learning from collected samples. Fig. 2
illustrates the latter case.

The training samples (denoted by the blue patches in Fig. 2),
which have the same size as xi , are collected by template
matching; the K-SVD approach is further performed on them
to learn an over-complete dictionary D. Then D is split into
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two sub-dictionaries: Ds , the sub-dictionary of the available
part, which is formed by masking the rows of D corresponding
to the positions of the known pixels of xi , and Du , the sub-
dictionary of the missing part, which is formed by masking
the rows of D corresponding to the positions of the missing
pixels of xi .

One then searches for the sparse vector α, which best
approximates the available part of xi , by resorting to the
following optimization:

α∗ = arg min
α

∥
∥xs

i − Dsα
∥
∥

2
2 + λ‖α‖1. (3)

The same sparse linear combination is further used to approx-
imate the missing part xu

i by:

x̂u
i = Duα∗. (4)

Finally, the missing part of xi is compensated by using x̂u
i .

D. Limitations of the Existing Sparsity-Based EC

We find two limitations of the existing sparsity-based EC
schemes:

• Dictionary Learning: The existing methods either use
a fixed dictionary like DCT or FFT bases, or learn
an over-complete dictionary in the concatenated feature
space of the available and the missing parts. In the first
case, dictionaries are independent to the signal under
test, and therefore, are limited in their expressive power.
In the latter case, since the available data is scarce, the
construction of sparsity-based prior model in a high-
dimensional space can easily run into the problem of
stochastic complexity, or high model cost in the principle
of minimum description length.

• Sparse Reconstruction: As shown in (3), the existing
methods assume that the sparse representation of xu

i with
respect to Du is the same as that of xs

i with respect
to Ds . Mathematically, the same sparse representation
assumption implies that sparse decomposition in the
existing schemes can be represented as:

arg min
α

∥
∥xs

i − Dsα
∥
∥2

2 + ∥
∥xu

i − Duα
∥
∥2

2 + λ‖α‖1. (5)

This assumption is strong, and may work well only when
the available and the missing data share the same distri-
bution. In practice, however, the sparse representations
of the available and the missing regions could be rather
different, especially when erasures happen in the object
boundaries.
Furthermore, (5) can be further rewritten as:

arg min
α

‖xi − Dα‖2
2 + λ‖α‖1, (6)

where

xi =
[

xs
i

xu
i

]T

D =
[

Ds

Du

]T

. (7)

It can be seen that the existing sparsity-based EC schemes
are actually equivalent to a standard sparse coding prob-
lem in the concatenated feature space of the available
and the missing parts. Therefore, the sparse solution can

only be claimed to be optimal in the concatenated feature
space; but not in the observed and the latent feature space
individually.

E. Our Contributions

Considering the limitations of the existing sparsity-based
EC schemes, we propose the following two strategies to
achieve further improvements:

• We propose to learn dual adaptive and complete dictio-
naries for feature spaces of the available and the missing
parts respectively. The training data for dictionary learn-
ing are collected through an adaptive template matching
mechanism. Since the feature dimensions are reduced,
it becomes easier to collect enough training data to
learn robust dictionaries. The proposed technique will be
elaborated in Section III.

• We propose to relax the same sparse representation
assumption by seeking optimal solutions in dual spaces
respectively. A local correlation model is further inte-
grated into a collaborative optimization framework.
It allows us to flexibly transfer the knowledge of the
available regions to the missing regions for EC purpose.
The proposed technique will be elaborated in Section IV.

III. DUAL-SPACE TRAINING DATA COLLECTION AND

DICTIONARY LEARNING

In this section, we address the challenging issues of train-
ing data collection and dictionary learning in dual spaces.
We propose an adaptive template matching mechanism to
collect training data pairs corresponding to the available and
the missing parts of a patch to be processed. Relying on the
collected data, we propose to learn adaptive and complete
dictionary for each space respectively, such that sparsity in
dual spaces can be effectively employed.

A. Training Data Collection in Dual Domains

A crucial issue of the proposed EC algorithm is how to
gather training data for dual-space dictionary learning. This is
a non-trivial task as the missing part is not available. To resolve
this challenge, we propose an adaptive template matching
scheme for collecting appropriate training data, where the
observed available part and its geometric distribution are
employed for template matching.

Specifically, we process a local patch xi every time along
the contour of the missing region U. In order to achieve good
tradeoff between structure preservation and model cost, we set
the size of xi to be 4 × 4. According to the non-local self-
similarity property of natural images, we use the available part
xs

i of xi as the template, to collect accurate available pairs
{(xs

i j
, xu

i j
)} that are revelent to xs

i and xu
i respectively from the

available region S. We then define dual spaces: the observed
space and the latent space, corresponding to the collected
{xs

i j
} and {xu

i j
}, respectively. The training sample pairs are

used for training dictionaries of dual spaces. The discussion
on dictionary learning of dual spaces is deferred to the next
subsection.
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Fig. 3. The red 2 × 2 patch is the missing part xu
i of xi , which we want to

fill; the blue part is the template xs
i , which is known. The red and blue parts

together constitute a 4 × 4 patch xi . For each 2 × 2 red patch, there are four
kinds of template shapes, whose positions are left-up, right-up, left-down and
right-down, respectively. The one with the highest sum of confidence values
are selected for training data collection.

The shape of the template xs
i significantly influences the

training data collection. Certainly, the more reliable the pixels
within the template are, the better matching performance can
be expected. To quantitatively measure the reliability, we
associate a confidence index for each pixel. Clearly, pixels
in the correctly received regions hold the highest confidence
index 1. In contrast, the confidence indexes of missing pixels
are initialized to 0, and will be updated when they are filled.
We define the confidence index C(k) of a filled pixel k in xu

i
as

C(k) =
∑

j∈T C( j)

|xi | , (8)

where |xi | is the number of pixels in xi . The numerator
of (8) means the sum of confidence values of pixels in the
template T. It is easy to see that 0 ≤ C(k) ≤ 1.

Four kinds of shapes are defined for template selection, as
illustrated in Fig. 3. The template to be used is determined
as the one that gives the highest sum of confidence values of
pixels:

T = {Tı | max
ı

∑

j∈Tı
C( j), ı ∈ {1, 2, 3, 4}}. (9)

Besides, a priority value is assigned to each patch xi along
the contour of U, which determines the filling order

C(xi ) =
∑

j∈T

C( j). (10)

We then decide the index of the missing patch to be filled first
by a best-first strategy:

i = {i | max
ı

C(xı ), ı ∈ ∂U}, (11)

where ∂U represents the contour of U. For patches with the
same confidence values, we fill them sequentially according
to the scan order.

Finally, the training data collection can be realized through
applying a threshold on the �2 distance between the template
vector xs

i and the corresponding available part xs
i j

of a patch
xi j in S. Namely,

Ts = {xs
i j

∣
∣
∣||xs

i j
− xs

i ||22 ≤ τ , xi j ∈ S}, (12)

where τ is the threshold selected in practice such that the first
n = 30 closest candidates are collected. We also collect a set

Fig. 4. The process of training data collection, where the left-up template is
used as an example. The red patch is the missing patch; the rest region is the
available part of the test image. We process a small portion (the one indicated
by ‘Target’) of the red patch each time. Its nearby region (the yellow part
indicated by ‘Template’) is defined as the current template. Using the current
template as the reference, we search similar ones in the available part, which
constitute the training data set for dictionary learning of the observed space.
We also collect a set of training samples of the latent space that have their
templates sufficiently close to the current template, which are marked as the
blue patches in the figure.

of training samples of the latent space that have their templates
sufficiently close to xs

i :

Tu = {xu
i j

∣
∣
∣i j : ||xs

i j
− xs

i ||22 ≤ τ , xi j ∈ S}. (13)

Note that in (12) and (13) the collection of two training sets
only relies on the similarity comparison of the template vector,
not involving the missing (unavailable) part at all. For better
understanding, the above training data collection process is
illustrated in Fig. 4.

As a consequence, we have a set of n posterior samples
Ts =

{

xs
i1
, xs

i2
, · · · , xs

in

}

which match the available part xs
i and

constitute the observed space; and Tu =
{

xu
i1
, xu

i2
, · · · , xu

in

}

which match the missing part xu
i and constitute the latent

space. xs
i j

and xu
i j

are called the observed and latent com-
ponents, respectively.

B. Dual Dictionary Learning

With the collected training data, we propose to learn
dual adaptive dictionaries for the observed and the latent
spaces, respectively. Specifically, we make the vectors of
collected samples in Ts and Tu to be the columns of two

matrixes, denoted by Ts =
[

xs
i1
, xs

i2
, · · · , xs

in

]T ∈ Rn×ds and

Tu =
[

xu
i1
, xu

i2
, · · · , xu

in

]T ∈ Rn×du . Then we learn adaptive
dictionaries � and � that are the most relevant to Tu and Ts by
applying principal component analysis (PCA) [29] on them.
By seeking the principal components (PCs), along which the
data variance is maximally preserved, PCA can always capture
the intrinsic latent structure of the underlying data. Since
dictionary learning in dual spaces shares the same procedure,
in the following, we only describe the dictionary learning in
the latent space as an example.

Specifically, we first get a centralized matrix T̂u, which
is the result of subtracting the mean vector from each row
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of Tu. Then, the co-variance matrix of the centralized matrix
is calculated as

� = 1

n
T̂T

u T̂u. (14)

The goal of PCA is to find an orthonormal transformation
matrix � to de-correlate T̂u. From the perspective of data
variance-maximization, the PCA is formulated as the following
optimization model:

max
�

T r(�T ��), s.t. �T � = I, (15)

where T r(·) denotes the trace operator and � ∈ �du×du is the
derived orthonormal eigenvector matrix, which is used as the
dictionary of the observed space.

Similarly, we can derive the dictionary � ∈ �ds×ds for the
observed space by using Ts in the same way as (14) and (15).

IV. DUAL SPARSE REPRESENTATION

FOR IMAGE ERROR CONCEALMENT

In this section, we discuss how to cast the dual sparse
representations and regularization into a unified optimization
framework to obtain optimal estimate of the missing part.

A. Local Correlation Model

To transfer the knowledge from the available regions to
the missing ones, it is necessary to establish some rela-
tionship between the collected pairs of training samples
(xu

i j
, xs

i j
), for j = 1, · · · , n. It should be noted that the

observed and latent components are inherently geometric
neighbors, and hence, a local correlation model is the most
natural choice. Specially, we choose kernel ridge regres-
sion (KRR) to this end because, on one hand, KRR provides
a robust way to describe such relationship through adaptive
weighting strategy. On the other hand, KRR is essentially
linear mapping, which can be readily incorporated into our
optimization framework, as will be detailed in the next
subsection. Furthermore, KRR estimator is computationally
appealing and has a closed-form solution. The above desirable
properties of KRR motive us to employ it in our sparsity-based
image error concealment method. In contrast, non-parametric
and non-local based methods are much more involved in terms
of computational complexity. Also, it may be challenging
to incorporate a non-parametric model or a non-local based
model into the optimization framework.

Specifically, based on the training sample pairs {(xu
i j
, xs

i j
)},

we find an optimal matrix W∗
i by addressing the following

optimization problem:

W∗
i = min

Wi

n
∑

j=1

ki j

∥
∥
∥xu

i j
− WT

i xs
i j

∥
∥
∥

2

2
+ μ ‖Wi‖2

F , (16)

where ‖Wi‖2
F denotes the Frobenius norm of the matrix Wi ;

ki j is the kernel weight, which reflects the similarity between
xs

i and xs
i j

, and can be computed by

ki j = exp

{

−
||xs

i − xs
i j
||2

σ 2

}

. (17)

Compared with ridge regression, KRR is more robust and
more flexible to handle statistical outliers by incorporating
structure information into model decision. Through the kernel
weight ki j , samples that are more similar to xs

i contribute
more to the estimation of W∗

i . It allows us to consider part of
samples from the local neighborhood belonging to the model
we are interested in.

The following closed-form solution can be derived for KRR:

W∗
i = (YT

i Ki Yi + μI)−1YT
i Ki ZT

i , (18)

where Zi =
[

xu
i1
, xu

i2
, · · · , xu

in

]T ∈ �n×du ,

Yi =
[

xs
i1
, xs

i2
, · · · , xs

in

]T ∈ �n×ds , Ki =
diag(ki1, · · · , kin) ∈ �n×n is a diagonal matrix and I
is the identity matrix. The regularization parameter μ is set
as:

μ = T r(YT
i Ki Yi )

N
, (19)

where T r(·) is the trace operator and N = 104 is the
normalization parameter.

B. Dual Sparse Representation

Based on the learned linear mapping Wi ∈ �ds×du between
the observed and the latent components, we further derive the
linear relationship between xu

i and xs
i :

xu
i

.= WT
i xs

i . (20)

At the same time, xu
i and xs

i can be sparsely represented in
dual spaces as follows:

xu
i = �iαi ,

xs
i = � iβ i . (21)

Combining (20) and (21), we can get:

�iαi
.= WT

i � iβ i ⇒ αi
.= �T

i WT
i � iβ i . (22)

We denote Mi = �T
i WT

i � i ∈ �ds×du , which reveals the
intrinsic relationship between the sparse representations in
dual spaces.

Incorporating dual sparse representations and local correla-
tion regularization into a unified framework, we finally arrive
at the following optimization problem for EC:

arg min
{xi ,αi ,β i }

‖Hxi − �iαi‖2
2 + λ‖αi‖1 + ∥

∥Hxi − � iβ i

∥
∥

2
2

+ λ
∥
∥β i

∥
∥

1 + γ
∥
∥αi − Miβ i

∥
∥2

2 . (23)

where the first two terms are the sparse representation in
the latent space; the third and the fourth terms are the
sparse representation in the observed space; the last term is
the regularization of sparse codes in dual spaces. This joint
optimization in the observed and the latent spaces allows the
two sparse representations αi with respect to dictionary �i and
β i with respect to dictionary � i to cross validate each other,
potentially improving the quality of recovered image patch xi .
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The above objective function can be further rewritten as:

arg min
{xi ,αi ,β i }

∥
∥
∥
∥
∥
∥

⎡

⎣

H
H
0

⎤

⎦ xi −
⎡

⎣

�i

0√
γ I

0
� i

−√
γ Mi

⎤

⎦

[

αi

β i

]
∥
∥
∥
∥
∥
∥

2

2

+ λ

∥
∥
∥
∥

αi

β i

∥
∥
∥
∥

1

(24)

By letting

Ĥ =
⎡

⎣

H
H
0

⎤

⎦ and Di =
⎡

⎣

�i

0√
γ I

0
� i

−√
γ M

⎤

⎦ , and

θ i =
[

αi

β i

]

,

(24) can be simplified as:

arg min
{xi ,θ i }

∥
∥Ĥxi − Diθ i

∥
∥

2
2 + λ‖θ i‖1. (25)

C. Optimization

While the objective function (25) is not jointly convex with
respect to xi and θ i , it is convex with respect to each of them
if the remaining variable is fixed. Accordingly, we propose to
employ an alternating procedure to optimize xi and θ i . The
iterative optimization procedure is described as follows:

1) Initialize xu
i :

Before iteration, the estimation of the latent component
xu

i is initialized as: xu
i
∗ = WT

i xs
i .

2) Fix xi and estimate θ i :

xi can be set as: x∗
i =

[

xs
i

xu
i
∗
]T

, where xu
i
∗ is the ini-

tialized value in step 1) or the result in the last iteration.
The optimization then becomes a standard sparse coding
problem:

θ i
∗ = arg min

θ

∥
∥Ĥx∗

i − Diθ i
∥
∥

2
2 + λ‖θ i‖1, (26)

which can be efficiently solved by the iterative shrinkage
algorithm [30].

3) Fix θ i and estimate xi :
The optimization reduces to a quadratic minimization
problem. The norm constraint on xi is added to avoid
trivial solutions:

xi
∗ = arg min

xi

∥
∥Ĥxi − Diθ

∗
i

∥
∥

2
2 + λ′‖xi‖2. (27)

This optimization can be solved with a closed-form
solution by least squares.

The step 2) and 3) are carried out iteratively, until the
algorithm arrives at the largest iteration number or both xi and
αi converge. Note that here we do not update the dictionary
in each iteration. Certainly, using an updated dictionary in
each iteration helps get better recovery performance. However,
it is achieved at the price of much higher computational
complexity. Therefore, we keep the dictionary fixed to achieve
a better tradeoff between performance and complexity.

The work flow of the proposed algorithm is summarized in
Algorithm 1.

Algorithm 1 Algorithm of Dual Sparse Representation Based
Image EC

D. Complexity Analysis

As shown in Algorithm 1, in our method, there are four main
modules. The complexity analysis is provided in the following:

• Training Data Collection: The main operation of data
collection is template matching, whose computational
complexity is CT M = O(d2), where d is the dimension
of the processing patch xi .

• Dictionary Learning: Suppose the training data set Ts
(Tu) include n samples, usually n > d . The computa-
tionally dominating operation in dictionary learning is
PCA, which includes calculation of co-variance matrix
� and eigen-decomposition of �. Their computational
complexity is C� = O(nd2) and CE D = O(d3), respec-
tively. Since n > d , the overall computational complexity
of PCA is:

CPC A = C� + CE D = O(nd2), (28)

• Local Correlation Model: The computational cost of
KRR mainly lies in the operation of matrix inversion,
whose computational complexity is CK R = O(d3) using
standard method.

• Optimization: The iterative shrinkage algorithm for sparse
decomposition involves matrix-vector multiplication; the
least squares solution involves matrix inversion. There-
fore, the computational complexity is CO P = O(d3).

As a consequence, the overall computational complexity of
our method is:

CAL L = CT M + CPC A + CK R + CO P = O(nd2), (29)

The complexity analysis above also inspires us to choose a
small patch xi and limit the number of training samples, such
that the computational cost can be reduced.

V. EXPERIMENTAL RESULTS

In this section, experimental results are presented
to verify the performance of the proposed dual-space
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TABLE I

QUANTITATIVE COMPARISON OF FIVE ALGORITHMS ON RECOVERY OF 16 × 16 ISOLATE BLOCK LOSSES

Fig. 5. Thirteen test images.

sparse representation and regularization based image EC
algorithm.

A. Comparison Group

The proposed approach is compared with the state-of-the-art
methods in the literature. More specifically, nine approaches
are included in our comparison study: (1) POCS [9];
(2) OAI [12]; (3) BayesDCT [8]; (4) HSR [17], (5) BPFA [18],
(6) SLP [13], (7) KMMSE [14], (8) ALP [15], (9) the proposed
ADLR method. Among them, HSR and BPFA are two state-
of-the-art sparsity-based image inpainting methods. KMMSE
and ALP are two very recent works on image EC. The source
code of all methods are kindly provided by their authors,
except POCS and OAI, which are based on a third-party
implementation.1

For thoroughness of our comparison study, twelve widely
used images in the literature and a video frame Foreman

1http://dtstc.ugr.es/~jkoloda/download.html

constitute the test set, as illustrated in Fig. 5. The first
nine images are of size 256 × 256; the following three
images are of size 512 × 512; and the Foreman is of
CIF format.

B. Objective and Subjective Performance Comparison

In our experiments, similar to other works, three kinds of
loss modes are considered: the 16 × 16 isolate block losses
(≈ 22% loss rate), 16 × 16 regular consecutive block losses
(≈ 40% loss rate), and 16 × 16 random consecutive block
losses (≈ 25% loss rate). The EC performance comparison of
nine competing algorithms are reported in Table I, Table II
and Table III.

Table I illustrates the quantitative comparison on the sce-
nario of isolate block losses. Regarding the average PSNR
performance, our method outperforms all the other methods by
a big margin. Compared with the very recent image EC works
ALP and KMMSE, the average PSNR gains are 1dB and
0.82dB, respectively. Compared with state-of-the-art sparsity-
based methods HSR and BPFA, the average PSNR gains are
0.84dB and 3.18dB. The very significant improvement over
BPFA is because it fails in handling large missing regions
such as the case of 16 × 16 blocks. It also can be observed
that the proposed algorithm achieves the highest average SSIM
values.

Table II shows the performance of compared methods on
regular consecutive block losses. In this case, our method
works better than the other eight methods on all test images,
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TABLE II

QUANTITATIVE COMPARISON OF FIVE ALGORITHMS ON RECOVERY OF 16 × 16 REGULAR CONSECUTIVE BLOCK LOSSES

TABLE III

QUANTITATIVE COMPARISON OF FIVE ALGORITHMS ON RECOVERY OF 16 × 16 RANDOM CONSECUTIVE BLOCK LOSSES

with respect to both PSNR and SSIM criteria. Similar to the
scenario of isolate block losses, the average PSNR gains are
quite significant:1.03dB, 2.19dB, 1.25dB and 0.89dB com-
pared with HSR, BPFA, KMMSE and ALP, respectively.

Finally, we examine the performance of compared methods
on random consecutive block losses in Table III. Under this
loss mode, the EC task is more challenging since many
missing blocks may cluster together, making it difficult to
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Fig. 6. Subjective quality comparison of reconstructed Butterfly images when the error pattern is 16 × 16 isolate block losses. The corresponding PSNR
(in dB) and SSIM values are also shown.

find regular and reliable neighborhood. Compared with HSR,
BPFA, KMMSE and ALP, the average PSNR gains are
still remarkable, being 0.73dB, 4.21dB, 0.71dB and 0.55dB,
respectively.

In addition to its superior performance in objective fidelity
metric, the proposed EC approach also obtains better per-
ceptual quality of the recovered images. The readers are
invited to examine and compare the recovered images by
different methods in Fig. 6-8. It can be observed that the
proposed method produces the most visually pleasant results
among all compared methods. Even under high block loss rate
in regular consecutive mode or random consecutive mode,
the proposed algorithm is still capable of restoring major
edges and repetitive textures of the images. As illustrated

in Fig. 8, it is noticed that the proposed method can
more accurately recover global object contours with severe
losses, such as the edges along the mast in Boat. All the
other methods, including the sparsity-based methods HSR
and BPFA and two recent state-of-the-art methods KMMSE
and ALP, cannot recover these regions well. There are
strong blurring artifacts or discontinuities in their recovered
images.

C. Parameter Setting

There are some parameters that need to be clarified. Firstly,
we investigate the influence of different sizes of the unit
patch xi to the performance of EC. We test three cases:
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Fig. 7. Subjective quality comparison of reconstructed Barbara images when the error pattern is 16×16 regular consecutive block losses. The corresponding
PSNR (in dB) and SSIM values are also shown.

4 × 4, which is the setting used above, 6 × 6, and 8 × 8.
The size of the corresponding missing patch xu

i to fill is:
2 × 2, 3 × 3, 4 × 4, respectively. The performance comparison
on nine 256 × 256 test images in the case of 16 × 16
isolate block losses is reported in Fig. 9. It can be found
that the performance drops with the increasing size of xi .
This is because, the local correlation between the observed
component and the missing component becomes weaker when
the size of xi increases, which further makes it difficult
to preserve the intrinsic relationship between the sparse
representations of dual spaces. Moreover, according to the
complexity analysis in Section IV-D, we should choose a
smaller xi in order to reduce the computational complexity.

Therefore, in practical implementation, we choose the size of
xi as 4 × 4.

For the regularization parameter λ of sparsity, in the lit-
erature, there is no strategy to determine an optimal value.
We empirically set it as 10−3. Considering one major con-
tribution in this paper is the new dual-space regularization,
we investigate the influence of its regularization parameter γ
to the final PSNR performance. We test four 256×256 images
in the case of 16×16 isolate block losses. Four kinds of para-
meter setting are tested, including γ = [0.001, 0.01, 0.1, 1].
As illustrated in Fig. 10, we can find that γ = 0.1 gives the
best PSNR performance. Accordingly, we set γ = 0.1 for all
test cases.
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Fig. 8. Subjective quality comparison of reconstructed Boat images when the error pattern is 16 × 16 random consecutive block losses. The corresponding
PSNR (in dB) and SSIM values are also shown.

Fig. 9. The influence of different patch sizes of xi to the final EC
performance.

D. Complexity Comparison

We now show the results on running time comparison of
compared methods for the case of 16×16 isolate block losses.

All the methods are tested on a typical laptop computer (Intel
Core i7 CPU 2.6GHz, 16G Memory, Win10, Matlab R2014a).
Nine 256 × 256 images are used as test images. As can
be observed in Table IV, our method is significantly faster,
compared with the sparsity-based EC algorithms HSR and
BPFA.

E. Coupled SR vs. KRR vs. Our Method

As stated previously, the superior performance of our
method originates from dual adaptive dictionaries learning
and regularization. In this subsection, we exam the per-
formance comparison among the traditional coupled sparse
representation (Coupled SR), which is the general scheme
of the existing sparsity-based EC introduced in Section II;
the kernel ridge regression (KRR) based estimation, which is
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TABLE IV

RUNNING TIME COMPARISON FOR THE CASE OF 16 × 16 ISOLATE BLOCK LOSSES (seconds)

Fig. 10. The influences of regularization parameter γ to the final PSNR
performance.

TABLE V

COMPARISON AMONG COUPLED DICTIONARY LEARNING ONLY,
KERNEL REGRESSION ONLY, AND OUR METHOD

actually the initial estimation of the optimization process stated
in Section IV-C; and our method. As shown in Table V,
our method achieves significant improvements with respect

to both PSNR and SSIM criteria over Coupled SR and KRR,
demonstrating the effectiveness of our strategy.

VI. CONCLUSION

In this paper, we present a novel image EC algorithm
through dual-space dictionary learning and regularization.
We learn dual adaptive dictionaries in the observed and the
latent space separately, which offer the optimal representation
for each space and therefore can overcome the difficulty of
high model cost. Secondly, based on the piecewise station-
ary property of natural images, a local correlation model is
learnt, through which the intrinsic relationship between the
sparse representations of dual spaces is revealed. Finally, we
cast the dual sparse coding and regularization into a unified
optimization framework to obtain optimal estimation of the
current latent component. Experimental results over a wide
range of test images demonstrate that our method achieves
very competitive recovery performance, compared with the
state-of-the-art methods under both objective and subjective
criteria.
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