
614 IEEE TRANSACTIONS ON MULTIMEDIA, VOL. 18, NO. 4, APRIL 2016

Factorization Algorithms for Temporal
Psychovisual Modulation Display

Zhongpai Gao, Guangtao Zhai, Member, IEEE, and Jiantao Zhou, Member, IEEE

Abstract—Temporal psychovisual modulation (TPVM) is a
new information display technology which aims to generate
multiple visual percepts for different viewers on a single display
simultaneously. In a TPVM system, the viewers wearing different
active liquid crystal (LC) glasses with varying transparency levels
can see different images (called personal views). The viewers
without LC glasses can also see a semantically meaningful image
(called shared view). The display frames and weights for the LC
glasses in the TPVM system can be computed through nonnegative
matrix factorization (NMF) with three additional constrains:
1) the values of images and modulation weights should have upper
bound (i.e., limited luminance of the display and transparency
level of the LC); 2) the shared view without using viewing devices
should be considered (i.e., the sum of all basis images should be
a meaningful image); and 3) the sparsity of modulation weights
should be considered due to the material property of LC. In
this paper, we proposed to solve the constrained NMF problem
by a modified version of hierarchical alternating least squares
(HALS) algorithms. Through experiments, we analyze the choice
of parameters in the setup of TPVM system. This work serves
as a guideline for practical implementation of TPVM display
system.

Index Terms—Hierarchical alternating least squares (HALS),
image display, nonnegative matrix factorization (NMF), temporal
psychovisual modulation (TPVM), visual signal processing.

I. INTRODUCTION

T EMPORAL psychovisual modulation (TPVM) [1] was
proposed as a new information display technology us-

ing the interplay of signal processing, optoelectronics and psy-
chophysics. TPVM aims to generate multiple visual percepts for
different viewers on a common exhibition medium concurrently.
The rationale behind TPVM is that, on one hand, the human vi-
sual system (HVS) cannot resolve temporally rapidly changing
optical signals beyond flicker fusion frequency (about 60 Hz for
traditional displays and much higher for displays with a hidden
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channel [2]). On the other hand, nowadays, modern display can
work at 120 Hz or even higher refresh rate. For example, the
binary pattern rate of spatial light modulator in digital light pro-
cessing (DLP) technology is up to 32 kHz (beyond 1900 Hz for
8-bit gray) [3]. Thus a high-speed display can offer much more
visual stimuli than that viewer can possibly assimilate. That is, a
single display has psychovisual redundancy to generate multiple
visual percepts for different viewers simultaneously.

Time multiplexing is a straightforward way of exploiting psy-
chovisual redundancy of high-speed displays. NVIDIA 3D Vi-
sion is a stereoscopic gaming technology developed by NVIDIA
which consists of LC shutter glasses and driver software.1 In
NVIDIA 3D Vision, the left and right views are presented in
time-interleaved steps using the synchronized shutter glasses.
Sony’s dual-view technology presents two game views of two
participants on the same screen in disjoint time slots [4]. But
there are three disadvantages of time multiplexing. First, time
multiplexing is not efficient enough because it completely ig-
nores the statistical redundancy among the output images. Sec-
ond, the image formed by naked eye (i.e., without shutter de-
vices) is mixed by the multiple views, which is not visual ap-
pealing. Third, the light influx of each view decreases linearly
when the number of different views increase.

As a more advanced solution, TPVM technology utilizes both
psychovisual redundancy of the display and statistical redun-
dancy of visual signals sufficiently by temporal modulation.
TPVM can be implemented by a combination of a high-speed
display and active liquid crystal (LC) glasses synchronized with
the display. The LC glasses are light blockage devices that can
control the amount of incoming light to pass through and enter
the viewer’s eyes. In contrast, the widely used shutter glasses
of time multiplexing just have two states: pass through all the
light when opening or block all the light when closed. In TPVM
system, arbitrary weights from 0 to 1, i.e., from total blockage to
total transparency, are used for the LC glasses. A TPVM based
display device broadcasts a set of images called atom frames at a
speed higher than the flicker fusion frequency. The atom frames
are then weighted by LC shutters that are synchronized with the
display before entering the human visual system and integrating
into some desired visual signals. As a result, through differ-
ent viewing devices with different transparency weights, people
can see different images on the display at the same time. Those
weights can be computed online or offline and communicated
to the LC glasses via wired or wireless links.

Besides TPVM, lots of multiview display techniques
were proposed. PiVOT [5] is a tabletop system aimed at

1“NVIDIA 3D Vision,” [Online]. Available: http://www.nvidia.com/object/
3d-vision-main.html
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supporting mixed-focus collaborative tasks. Tensor displays
[6] are a family of compressive and multi-layer displays by
introducing a sophisticated hardware solution. A multi-viewer
tabletop autostereoscopic display [7] and MUSTARD [8]
inspired by the “Random Hole Display” design [9] are space
multiplexing-based techniques. Polarization field displays [10]
use multi-layered LCDs for automultiscopic display. However,
these multiview display techniques need sophisticated hardware
and TPVM just use off-the-shelf display.

Based on the unique ability of TPVM that can generate dif-
ferent concurrent interference-free views on the same display
medium, some applications have been proposed and imple-
mented. The multiple exhibition on a lone display (MELD)
prototype system used in multiuser collaborative visualization
and multiuser virtual reality (VR) for medical applications was
presented in [11]. In [12], a backward-compatible stereoscopic
display technology was proposed. The display technology pro-
posed in [13]–[15] exhibits both 3D and 2D views of the same
scene simultaneously on a single physical display medium, that
is, viewers wearing 3D glasses perceive a stereoscopic image
and concurrently viewers without 3D glasses can perceive a
conventional 2D image without ghost artifacts. A new video
projection technique to defeat camcorder piracy in movie the-
aters is presented in [16], [17]. Invisible QR Code [18] is a
new way of embedding QR Code on digital screen. The QR
Codes embedded on screen is perceptually transparent to hu-
man but detectable for mobile devices. TPVM has also been
integrated with visible light communication (VLC) [19], where
a display device serves both as a visible medium and an informa-
tion source for communication. Using TPVM, an information
security display system was introduced in [20]. Also, another
information security display system was introduced in [21] us-
ing spatial psychovisual modulation (SPVM) which externs the
idea of TPVM to spatial domain. Based on TPVM, a simulta-
neous triple subtitles exhibition system was designed in [22].
A dual-view medical image visualization prototype system was
introduced in [23] using spatial-temporal psychovisual modu-
lation (STPVM) by combining TPVM and SPVM. To facilitate
the applications of TPVM, Feng et al. [24] evaluated perfor-
mances of different algorithms for nonnegative matrix factor-
ization (NMF) in TPVM. However, Feng et al. do not consider
some constrains (i.e., the shared view of display and the spar-
sity of the modulation weights) of TPVM systems and do not
present the results of algorithms simulation.

The rest of this paper is organized as follows. Section II
presents the NMF based mathematical model of TPVM system.
In Section III, we review some algorithms to solve the NMF
problem. The hierarchical alternating least squares (HALS) al-
gorithms was used in the sequel of this paper because of the
fast convergence and high accuracy. In Section IV, we adapt
HALS to the TPVM problem and derive new algorithmic solu-
tions. Experiments and results will be presented in Section V.
We simulate the modified HALS algorithms on seven datasets
and analyze the influence of each parameter in TPVM system
on the overall performance. Section VI presents the discussion
and we conclude the paper in Section VII.

II. FORMULATION OF THE TPVM PROBLEM

TPVM can be mathematically modelled as follows. Let fd be
the flicker fusion frequency and fc = Mfd be the refresh rate
of a digital display. So the display can emit M = fc/fd atom
frames, denoted as x1 ,x2 , ...,xM (xi ∈ RN for i = 1, 2, ...,M
and N = m × n is the resolution of each frame) without caus-
ing flickering effects. The light fields of these M atom frames
pass through and get amplitude-modulated by a pair of ac-
tive LC glasses. The M modulated atom frames are tempo-
rally fused by HVS and perceived as an image. Suppose that
y1 ,y2 , ...,yK (yi ∈ RN for i = 1, 2, ...,K) are K target im-
ages formed by HVS. Then there should be K kinds of LC
glasses with modulation weights w1 ,w2 , ...,wK (wi ∈ RM

for i = 1, 2, ...,K). That is, the K target images y1 ,y2 , ...,yK

perceived by viewers can be expressed as different linear com-
binations of the atom frames x1 ,x2 , ...,xM (essentially ba-
sis functions) which means Y = XW, where Y ∈ RN ×K ,
X ∈ RN ×M and W ∈ RM ×K contain all yi’s, xi’s and wi’s
as their columns respectively. In this way, TPVM is a problem
of signal decomposition Y = XW. Fig. 1 shows the image
formation by TPVM. Throughout this paper, standard notations
and basic matrix operations used are listed in Table I.

Since the emitted light energy cannot be negative and active
LC glasses cannot implement negative transparency level, the
signal decomposition Y = XW turns out to be a nonnegative
matrix factorization (NMF) problem

min
X ,W≥0

1
2
‖ Y − XW ‖2

F (1)

where ‖ · ‖F is the Frobenius norm used to measure the distance
between the target images and the reconstructed ones. Moreover,
the modulation weight and the gray scale value of image pixels
also have the upper bound because the emitted light energy
and the transparency level both have the maximum values. To
simplify the analysis, we normalize the upper bounds to be 1 s.
So the TPVM system has to solve the following NMF problem
with additional upper bound constraints:

min
0≤X ,W≤1

1
2
‖ sY − XW ‖2

F (2)

where the scaling factor s ∈ [0,M ] is to ensure adequate inten-
sity of the images to be formed by TPVM. If M is sufficiently
large, i.e., high refresh frequency fd , the reconstruction errors
can be small enough. For example, when M = K, the TPVM
problem degenerates into the problem of temporal multiplex-
ing (X = Y, s = 1, W = I, I ∈ RM ×M is an identity matrix),
which has no reconstruction errors. However, when we achieve
K > M and s > 1, the TPVM display system supports more
and brighter views.

Visual exhibitionsyi’s produced by the TPVM display system
require the use of synchronized active shutter glasses. Note that,
viewers who do not use light modulation devices basically see
the fusion of all unattenuated atom frames, i.e., s0y0 = x1 +
x2 + ... + xM . We call y0 the shared view, and s0 ∈ [s,M ] is
also used to ensure adequate intensity of the images formed
by TPVM. In many multiuser applications, the shared view
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Fig. 1. Working mechanism of the TPVM display system. The basis images and modulation vectors are computed from the constrained NMF. The N × K
matrix Y = (y1 , y2 , ..., yK ) are K target images to be concurrently displayed to different viewers, where N is the number of pixels in each target image.
The target images Y are decomposed into Y = XW , with the N × M matrix X = (x1 , x2 , ..., xM ) being the M atom frames and the M × K matrix
W = (w1 , w2 , ..., wK ) being the K modulation coefficient vectors corresponding to the K target images. The atom frames x1 , x2 , ..., xM are cyclically
displayed and temporally modulated by active LC glasses with weights w1 , w2 , ..., wK . These views through LC glasses are called personal views. Another view
without using LC glasses (i.e., sum of all atom frames x1 + x2 + ... + xM ) is called the shared view.

TABLE I
BASIC MATRIX NOTATIONS AND OPERATIONS

u or U scalar
u vector
U matrix
U i j the entry in the i-th row and j-th column of U
U i : the i-th row of U
U : j the j-th column of U
UT the transposition of U
[U ][a , b ] min{b, max{a, U}}
[U ]+ max{0, U}
min{a, U} the entrywise minimum: min{a, U i j }
max{a, U} the entrywise maximum: max{a, U i j }
A ◦ B the entrywise product: A i j B i j for all i, j
[A ]
[B ] the entrywise division: A i j /B i j for all i, j

‖U‖F the Frobenius Norm:
√∑

i

∑
j |U i j |2

y0 should be semantically meaningful for bystanders without
the viewing devices, either visual pleasing or deceptive. When
considering the shared view y0 , the objective function (2) can
be reformulated as

min
0≤X ,W≤1

1
2
‖ sY − XW ‖2

F +
λsh

2
‖ s0y0 − X1 ‖2

F (3)

where 1 stands for a column vector of all 1s and λsh is a non-
negative regularization coefficient controlling quality tradeoff
between the shared view y0 and personal views yi , 1 ≤ i ≤ K.

Considering the material property and operating mechanism
of LC, the speed of the off-the-shelf LC glasses cannot be
very high in normal temperature. For nematic LCs, the rise
and decay times equation between gray level transitions can be
formulated as

τr =
γ1d

2

Δε (V 2 − V 2
th )

, τd =
γ1d

2

Δε (V 2
b − V 2

th )
(4)

Fig. 2. Illustrations of typical LCD response time. The drive system (left)
takes 3/5 of the frame time to reach the gray level desired and overdrive system
(right) with voltage boost reaches the level in 1/5 of the frame time [27].

where V is the applied voltage to the final gray level, Vb is the
bias voltage of the initial gray level, Vth is the threshold voltage,
γ1 is the rotational viscosity, d is the LC cell gap, and Δε is the
dielectric coefficient of LC materials. From (4), rise and decay
time could be very slow when the gray scale voltages are close,
especially in the vicinity of threshold. That is, “gray-to-gray”
(G2G) response time can be much longer than the “white-to-
black” rise and fall time [25]. To achieve higher response time,
an effective approach is “overdrive” [26], which speeds up the
pixel transitions by using higher voltages on the pixels, as shown
in Fig. 2. This suggests that mathematically only a few number
of large elements of the modulation weights is allowed. This
can be achieved by adding sparsity constraint to the objective
function (3) by making ‖ W ‖1 as small as possible where
‖ W ‖1 =

∑
mk Wmk

min
0≤X ,W≤1

1
2
‖ sY − XW ‖2

F

+
λsh

2
‖s0y0−X1‖2

F +λsp‖W‖1 (5)
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where λsp is a nonnegative regularization coefficient controlling
sparsity of the matrix W [11].

III. REVIEW OF NMF ALGORITHMS

The constrained NMF problem in (5) can be solved via mod-
ifying solutions to the standard NMF problem in (1). NMF is
a nonconvex optimization problem with respect to W and X,
i.e., solution can get stuck in a local minimum. Hence, most of
known algorithms for the NMF model are based on alternating
least squares (ALS) minimization of the Squared Euclidean dis-
tance. That is, NMF reduces to a solvable convex nonnegative
least squares (NNLS) problem when one of the two factors W
or X is fixed. The general framework of ALS is briefly reviewed
as follows:

1) initialize matrix W with nonnegative elements; and
2) repeat solving the following NNLS problems:

min
X≥0

1
2
‖ Y − XW ‖2

F (6)

min
W≥0

1
2
‖ YT − WT XT ‖2

F (7)

until a convergence criterion is satisfied.
A class of algorithms called alternating nonnegative least

squares(ANLS) [28] is based on the framework above. It com-
putes an optimal solution for the NNLS subproblem. However
the computation of this active-set-like method is very costly.
Some algorithms which only compute an approximate solution
to the NNLS subproblem were proposed. These algorithms are
not as accurate but are of much lower computational costs. The
multiplicative update (MU) algorithms proposed by Lee and
Seung [29] is the first well known NMF algorithms. The update
rules of MU algorithm are

X ← X ◦
[
YWT

]
[XWWT ]

,W ← W ◦
[
XT Y

]
[XT XW]

. (8)

But this solution is known to be slow with no guarantee to
converge. To speed up the convergence of MU, some projected
gradient descent methods or Newton-like methods have been
proposed [30]. The truncated alternating least squares method
(TALS) [31] just sets all negative elements resulting from the
least squares computation to zero. But the TALS algorithm is
prone to getting stuck in local minima and fail to converge.
The hierarchical alternating least squares (HALS) introduced
by Cichocki et al. [32] alleviates the problem of local minima
by improved local leaning rules (i.e., columns of matrices are
processed sequentially one by one). As suggested in [24], HALS
algorithms converge the fastest and yield the smallest factoriza-
tion error among all existing solutions to NMF. Therefore, in
this paper, we adapt the HALS algorithms to solve the TPVM
oriented constrained NMF problem in (5).

IV. MODIFIED HALS FOR TPVM

In HALS, instead of minimizing one or two cost functions,
the columns of X and WT are updated sequentially. That is, we
process a single column of X or WT while fixing all the others.
The HALS algorithms can be adapted to the TPVM problem

Algorithm 1: Modified HALS for TPVM

Require: Y ∈ RN ×K

1: Initialize matrices W ∈ RM ×K ,X ∈ RN ×M

2: Ỹ =
[√

λshs0y0 |sY
]
; W̃ =

[√
λsh1M ×1 |W

]
;

3: Ã = ỸW̃T ; B̃ = W̃W̃T ;
4: C = XT Y; D = XT X;
5: repeat
6: % Update X
7: W̃ ←

[√
λsh1M ×1 |W

]
;

8: Ã ← ỸW̃T ; B̃ ← W̃W̃T ;
9: repeat
10: for p = 1 to M do

11: X:p ← X:p + Ã :p −XB̃ :p

B̃pp
;

12: X:p ← min (max (X:p ,0) ,1);
13: end for
14: until the number of inner iterations is reached
15: % Update W
16: C ← XT Y; D ← XT X;
17: repeat
18: for p = 1 to M do

19: Wp : ← Wp : + sCp :−Dp : W−λsp1T
K ×1

Dpp
;

20: Wp : ← min (max (Wp :,0) ,1);
21: end for
22: until the number of inner iterations is reached
23: until convergence criterion is reached

TABLE II
P SNR, HDR-VDP-2 AND SSIM FOR THE MODIFIED HALS ALGORITHMS

USING DIFFERENT VALUES OF K WITH s = 1, s0 = 3, λsh = 2, λsp = 2

K = M 2M 3M 4M 5M 6M 7M 8M

P SN Rp s 36.9 32.3 30.4 28.8 27.7 27.4 27.0 25.8
P SN R s h 49.9 42.0 39.0 37.8 35.5 34.1 33.2 32.2
HDR-VDP-2s p 76.2 72.7 70.9 69.6 69.0 68.9 68.5 67.4
HDR-VDP-2s h 88.3 80.8 78.0 75.9 74.9 73.7 71.9 73.3
SSIM s h (%) 97.0 91.1 86.6 82.0 78.3 77.6 76.5 72.5
SSIM s h (%) 99.9 99.6 99.1 98.9 98.4 97.8 97.6 97.0

in (5) by imposing additional constrains, i.e., the upper bound,
shared view and sparsity constrains. The constrained NMF can
be solved by the following NNLS problems:

min
0≤X≤1

1
2
‖ sY − XW ‖2

F +
λsh

2
‖ s0y0−X1 ‖2

F

=
1
2
‖ Ỹ − XW̃ ‖2

F (9)

min
0≤W≤1

1
2
‖ sY − XW ‖2

F +λsp‖ W ‖1 (10)

where Ỹ =
[√

λshs0y0 |sY
]

and W̃ =
[√

λsh1M ×1 |W
]
. As

mentioned above, we update the columns of X and WT se-
quentially. So the problems of (9) and (10) reduce to a set of
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Fig. 3. Image quality in terms of PSNR, HDR-VDP-2, and SSIM versus iterations for different K with s = 1, s0 = 3s, λsp = 2, λsh = 2.

cost functions

min
0≤X :p ≤1

1
2
‖Ỹ − XW̃ ‖2

F =
1
2
‖ Ỹ(p) − X:pW̃p : ‖

2
F (11)

min
0≤W p :≤1

1
2
‖sY − XW ‖2

F + λsp‖ W ‖1

=
1
2
‖Y(p)−X:pWp :‖2

F +λsp‖ Wp : ‖1 (12)

for p = 1, 2, ...,M , where

Ỹ(p) = Ỹ −
∑
j 	=p

X:jW̃j : = Ỹ − XW̃ + X:pW̃p : (13)

Y(p) = sY −
∑
j 	=p

X:jWj : = sY − XW + X:pWp :. (14)

The gradients of the local cost functions D
(p)
X in (11) and

D
(p)
W in (12) can be expressed by

∂D
(p)
X

∂X:p
= X:pW̃p :W̃T

p : − Ỹ(p)W̃T
p : (15)

∂D
(p)
W

∂Wp :
= XT

:pX:pWp : − XT
:pY

(p) + λsp1T
K×1 . (16)

Then the updating rules can be expressed as

X:p ←
[
X:p +

Ã:p − XB̃:p

B̃pp

]

[0,1]

(17)

Wp : ←
[
Wp : +

sCp : − Dp :W − λsp1T
K×1

Dpp

]

[0.1]
(18)

by equating the gradients to zero, then setting the negative ele-
ments to zero and the elements greater than one to one, where
Ã = ỸW̃T , B̃ = W̃W̃T , C = XT Y and D = XT X.

Gillis and Glineur [33] proposed a simple way that signif-
icantly accelerates the iterations. Supposing NK > MN + MK
(i.e., the number of entries in X and W is smaller than that in
Y), the computation of Ã or C is the most expensive among
the learning rules in (17) or (18). For a typical TPVM sys-
tem, we can let N = 512 × 512,K = 80 and M = 16, then
NK = 20, 971, 512 > MN + MK = 4195 584. Now, the time-
consuming steps should be performed sparingly to improve the
efficiency. This can be achieved by updating (17) or (18) several
times before the next update (18) or (17). The numbers of inner
iterations of (17) and (18) can be determined by the flop counts
and the supplementary stopping criterion described in [33]. The
pseudocode of the modified HALS for TPVM is outlined in
Algorithm 1.

V. EXPERIMENTAL RESULTS AND ANALYSIS

In this section, we test the performance of TPVM display
system using the modified HALS algorithms introduced in Sec-
tion IV. The computer used is a Windows 64-bit PC, which has
a 3.4 GHz IntelCore i7-2600K CPU with 16 GB memory.

A. Datasets

The following datasets are used in the tests of the proposed
algorithms.

1) Foreman: The sequences of YUV video ‘Foreman’ con-
taining 300 frames, taken from the video trace library
(http://trace.eas.asu.edu/yuv/index.html). The resolution
of the YUV video is 352× 288.

2) Akko & Kayo, Rena: There are 100 camera view se-
quences in these two datasets provided by Fujii Laboratory
at Nagoya University (http://www.fujii.nuee.nagoya-u.
ac.jp/multiview-data/). Each camera captures 300 frames
in a sequence. The resolution of the sequences is
640× 480.
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TABLE III
P SNRps FOR THE MODIFIED HALS ALGORITHMS USING DIFFERENT VALUES

OF s0 WITH P SNRsh = 38.2 ± 0.2, s = 1, λsp = 2, K = 4 M

s0 = s 2s 3s 4s 5s 6s 7s 8s

λs h 555 8.5 2 0.73 0.4 0.25 0.19 0.13
P SN Rp s 27.2 30.7 31.4 31.7 31.8 31.9 31.9 31.9

Fig. 4. PSNRps versus iterations for different s0 with PSNRsh = 38.2 ± 0.2,
s = 1, λsp = 2, K = 4 M .

3) Temple, Dino: ‘Temple’ contains 312 views sampled on
a hemisphere and ‘Dino’ contains 363 views sampled
on a hemisphere from the multi-view stereo datasets in
http://vision.middlebury.edu/mview/data/. The resolution
of the views is 640× 480.

4) Butterfly, Stone: These two animation videos contain
180 frames with resolution 432× 240 from the database
in http://sp.cs.tut.fi/mobile3dtv/stereo-video/.

Without loss of generality, we choose the first frame of each
sequence as the shared view and the rest as the personal views.

B. Parameter Selection

We first choose the most widely used sequence ‘Foreman’ to
analyze the parameters of the TPVM system in (5). There are
five parameters: the number of target views K, scaling factors
s and s0 and regularization coefficients λsh and λsp. In addition,
we will discuss the influence of noise on the TPVM system. The
number of the atom frames M is determined by the refresh rate
fd of the display and suppose M = 20 in our experiments. For
a fair test, we set the number of iterations to 200. Peak Signal to
Noise Ratio (PSNR), quality mean opinion score of HDR-VDP-
2 [34], and structural similarity index measure (SSIM) [35] are
chosen to be the performance indexes. PSNR is defined as

PSNR = 20 log10

(
MAXF√

MSE

)
(19)

MSE =
1
N

‖ F − G ‖2
F (20)

where MAXF is the maximum signal value of F. N represents
the number of pixels of images F, G. The PSNR of personal

TABLE IV
P SNRps AND P SNRsh FOR THE MODIFIED HALS ALGORITHMS USING

DIFFERENT VALUES OF s WITH s0 = 3s, λsh = 2, λsp = 2, K = 4 M

s = 0.3 0.4 0.6 1.0 1.8 3.4 6.6 13.0

P SN Rp s 30.5 31.0 31.3 31.4 31.3 31.3 30.2 27.1
P SN R s h 36.1 36.9 37.6 38.2 38.9 38.4 30.8 24.7

Fig. 5. PSNRps and PSNRsh versus iterations for different values of s with
s0 = 3s, λsh = 2, λsp = 2, K = 4 M .

TABLE V
P SNRps AND P SNRsh FOR THE MODIFIED HALS ALGORITHMS USING

DIFFERENT VALUES OF λsh WITH s = 1, s0 = 3s, λsp = 2, K = 4 M

λs h = 0 1 2 3 4 5 6 7

P SN Rp s 32.3 31.4 31.4 31.3 31.3 31.2 31.2 31.1
P SN R s h 24.1 35.6 38.6 40.5 42.2 43.7 45.0 45.8

views Y and shared view y0 are defined as

PSNRps = PSNR

(
Y,

1
s
XW

)
(21)

PSNRsh = PSNR

(
y0 ,

1
s0

X1
)

. (22)

PSNR measures the similarity of reconstructed images to the
target views. HDR-VDP-2 is based on a well calibrated visual
model and can reliably predict visibility and quality differences
between image pairs. SSIM is a well-known quality metric that
is correlated with ratings of the human visual system (HVS).
Instead of using traditional error summation methods, the SSIM
is designed by modeling any image distortion as a combination
of loss of correlation, luminance distortion and contrast
distortion. Similarly to PSNR, the The HDR-VDP-2 and SSIM
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Fig. 6. PSNRps and PSNRsh versus iterations for different values of λsh with
s = 1, s0 = 3s, λsp = 2, K = 4 M .

TABLE VI
P SNRps , P SNRsh AND THE SPARSITY OF W FOR THE HALS USING

DIFFERENT VALUES OF λsp WITH s = 1, s0 = 3s, λsh = 2, K = 4 M

λs p = 0 2 4 6 8 10 12 14

P SN Rp s 31.3 31.3 31.4 31.3 31.3 31.2 31.1 31.0
P SN R s h 40.1 38.3 37.8 37.8 37.2 37.1 36.9 36.7
Sparsity(%) 20.6 21.8 26.6 27.9 34.6 37.6 41.6 44.3

Fig. 7. PSNRps, PSNRsh and the sparsity of W versus iterations for different
values of λsp with s = 1, s0 = 3 s, λsh = 2, K = 4 M .

Fig. 8. Target images added zero mean Gaussian noises with different vari-
ances. From left to right, and from top to bottom, the variances rises from 0 to
0.035 with a step of 0.005.

TABLE VII
P SNRps AND P SNRsh FOR DIFFERENT VALUES OF var

WITH s = 1, s0 = 3 s, λsh = 2, λsp = 2, K = 4 M

var = 0 0.005 0.01 0.015 0.02 0.025 0.03 0.035

P SN Rp s 31.4 26.6 25.9 25.6 25.4 25.3 25.1 25.1
P SN R s h 38.7 37.1 35.9 34.8 33.9 33.0 32.8 32.5

var is the variance of Gaussian noise added to the target images

Fig. 9. PSNRps and PSNRsh versus iterations for different values of var with
s = 1, s0 = 3 s, λsh = 2, λsp = 2, K = 4 M . var is the variance of Gaussian
noise added to the target images.

of personal views Y and shared view y0 are defined as

HDR-VDP-2ps = HDR-VDP-2
(
Y,

1
s
XW

)
(23)

HDR-VDP-2sh = HDR-VDP-2
(
y0 ,

1
s0

X1
)

(24)

SSIMps = SSIM

(
Y,

1
s
XW

)
(25)

SSIMsh = SSIM

(
y0 ,

1
s0

X1
)

. (26)

For these three quality metrics, a higher value provides a higher
image quality. For convenience and without losing generality,
we set y0 = y1 in our experiments. To reduce the computing
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Fig. 10. Image quality in terms of PSNR, HDR-VDP-2, and SSIM for the modified HALS and MU algorithms with s = 1, s0 = 3 s, λsh = 2, λsp = 2,
K = 4 M .

TABLE VIII
P SNR, HDR-VDP-2 AND SSIM FOR THE MODIFIED HALS AND MU

ALGORITHMS WITH s = 1, s0 = 3 s, λsh = 2, λsp = 2, K = 4 M

P SN Rp s |s h HDR-VDP-2p s |s h SSIM p s |s h

H ALS 28.8 37.1 69.7 75.6 82.1 98.7
M U 26.6 33.1 67.8 70.7 72.3 97.1

Fig. 11. Value of objective function in (5) versus computing time. The number
of iterations is 200 and we set s = 1, s0 = 3 s, λsh = 2, λsp = 2, K = 4 M .
The objective function drops monotonically. The modified HALS algorithm
converges in the first seconds and this favors realtime applications.

time, we transform the color images into gray ones (e.g., the
luma component Y of image).

Target Views Number K: For TPVM system, to provide suf-
ficient target views, a larger K is preferred. However, as K in-
creases, PSNRps and PSNRsh decrease, as shown in Table II and

Fig. 3. HDR-VDP-2 and SSIM have the same trend as PSNR.
There is a tradeoff between the number of target views and
the quality of reconstructed images. So under a certain fidelity
requirement of reconstructed view, we will choose the largest
possible value of K. In this test, we find K = 80 = 4 M is a
reasonable choice. HDR-VDP-2 is very time consuming, taking
16 seconds to compare 1 M pixel images using MATLAB code
on one core of a 2.8 GHz CPU [34]. Since HDR-VDP-2 and
SSIM have the same trend as PSNR, in the following parameter
analysis, we just choose PSNR as the performance index.

Scaling Factor s0: Generally, light intensity of the shared
view y0 is larger than the personal views yi (1 < i ≤ K) be-
cause some light of the personal views is blocked by LC glasses.
This can be expressed as s0 > s mathematically. We fix s and let
PSNRsh = 38.2 ± 0.2 which ensures the fidelity of the shared
view. Then we set s0 = ks (1 ≤ k ≤ 8) as shown in Table III
and Fig. 4. We find that PSNRps is positively correlated to s0 .
That is, the greater brightness difference of the shared view and
the personal views, the higher fidelity of the views. However,
the brightness of the shared view and the personal views is ex-
pected to be close to each other in practice. So we set s0 = 3 s
in our experiments, because the improvements are little when s0
is more than 3 s. Scaling factor s: the scaling factor s is used to
adjust the light intensity of the views. From Table IV and Fig. 5,
we can find that as s increase, PSNRps and PSNRsh increase first
and then decrease. When s is around 1, PSNRps and PSNRsh

reach the maximums. This is because the intensity of views is
closest to the original ones when s = 1. So we set s = 1 in
our experiments. The scaling factors can be larger properly to
increase the light intensity of the views in practice.

Regularization Coefficient λsh: From Table V and Fig. 6, we
can find that PSNRps and PSNRsh are negatively correlative
and positively correlative to λsh respectively. So there is a qual-
ity tradeoff between the shared view and the personal views.
However the influence of λsh to PSNRps is smaller than that
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Fig. 12. Results of grayscale sequence “Foreman.” (a) The first seven atom frames. (b) The shared view. (c) Six of the personal views with different expressions
in “Foreman.” (d) The PSNRs of 80 target images Y . The PSNR of y1 is higher than the rest, because we set y0 = y1 and y0 is the shared view. The PSNRs
of personal views are close to each other. In (b) and (c), the original images are in the first row and the reconstructed ones are in the second row. We set
s = 1, s0 = 3 s, λsh = 2, λsp = 2, K = 4 M . PSNRps = 31.4, PSNRsh = 38.2.

Fig. 13. Visual results for a practical case with two atom frames and three tar-
get frames using grayscale sequence “Foreman.” (a) The two atom frames.
(b) Target images and the reconstructions. We set s = 1, s0 = 2s, λsh =
0.1, λsp = 0, M = 2, K = 3. Then PSNRps = 37.7, PSNRsh = 38.2.

to PSNRsh. That is, it is possible to sacrifice the quality of the
personal views a little bit while improving the quality of the
shared view a lot. We set λsh = 2 in our experiments.

Regularization Coefficient λsp: The sparsity of W can be
defined as the proportion of the zero elements. The sparsity
of W is positively correlative to λsp and the fidelity of the
views decreases slightly when λsp grows in general, as shown in
Table VI and Fig. 7. So the sparsity can be selected according
to practical needs. In our experiments we set λsp = 2.

We also test the impact of noises on the performance of TPVM
display system. Zero mean Gaussian noises are added to the
target images. Fig. 8 presents a target image with Gaussian
noise of different variances. As shown in Table VII and Fig. 9,
PSNRps and PSNRsh are negatively correlative to the variance
of Gaussian noise. This is a reasonable observation because the
added noise destroys the structure of target images and making
them less correlated. So pre-filtering of the target images can
sometime be used to improve performance of the TPVM display
system.

Fig. 10 and Table VIII show the comparison of the modi-
fied HALS and MU algorithms. The modified MU algorithms
is illustrated in Appendix. The modified HALS has a better
performance than the modified MU algorithms. The change of
objective function in (5) with respect to computing time is il-
lustrated in Fig. 11. It can be seen that the object function value
decrease quickly in the first few seconds. That is, the algorithm
converges fast and can be used in realtime system on powerful
computers. The visual results are presented in Fig. 12. Note that
the atom frames (i.e., basis images) generated by the modified
HALS algorithms in Fig. 12(a) are sometimes still recognizable.
In Fig. 12, quality of the shared view in Fig. 12(b) is higher than
those personal views in Fig. 12(c). The PSNRs of the 80 tar-
get images are presented in Fig. 12(d). Remember that we set
y0 = y1 and y0 is the shared view, so the quality of y1 is higher
than the rest. The PSNRs of personal views are all around 31 dB.
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Fig. 14. Visual results of color sequence “Foreman.” First row: the first four
atom frames. Second row: from left to right, the shared view and three of
the personal views with distinctive contents. Third row: the reconstructed im-
ages corresponding to the second row. We set s = 1, s0 = 3 s, λsh = 2, λsp =
2, K = 4 M . PSNRps = 30.5, PSNRsh = 36.4.

Fig. 15. Visual results of color sequence “Rena.” First row: the first four atom
frames. Second row: from left to right, the shared view and three personal views
with distinctive contents. Third row: the reconstructed images corresponding
to the second row. We set s = 1, s0 = 4 s, λsh = 2, λsp = 2, M = 20, K =
4 M . PSNRps = 32.4, PSNRsh = 40.7.

Fig. 16. Visual results of color sequence “Akko & Kayo.” First row: the
first four atom frames. Second row: from left to right, the shared view and
three personal views with distinctive contents. Third row: the reconstructed im-
ages corresponding to the second row. We set s = 1, s0 = 4 s, λsh = 2, λsp =
2, M = 20, K = 4 M . PSNRps = 28.2, PSNRsh = 33.3.

As discussed earlier in this section, we can decrease K or in-
crease s0 to further improve the quality. In practice, the number
of basis images are small. For instance, we use two basis images
to generate three target images (i.e., M = 2 and K = 3). The
results are presented in Fig. 13. We can find that the PSNRps

Fig. 17. Visual results of color sequence “Temple.” First row: the first five atom
frames. Second row: from left to right, the shared view and four personal views
with distinctive contents. Third row: the reconstructed images corresponding
to the second row. We set s = 1, s0 = 4 s, λsh = 4, λsp = 2, M = 20, K =
4 M . PSNRps = 29.7, PSNRsh = 33.2.

Fig. 18. Visual results of color sequence ‘”Dino.” First row: the first five atom
frames. Second row: from left to right, the shared view and four personal views
with distinctive contents. Third row: the reconstructed images corresponding
to the second row. We set s = 1, s0 = 4 s, λsh = 4, λsp = 2, M = 20, K =
4 M . PSNRps = 29.2, PSNRsh = 32.3.

and PSNRsh are all above 35 dB. Only the first personal view is
a little fuzzy.

The modified HALS algorithms can also be used for color
images. We choose RGB color space as an example. In the
TPVM system, for each target color image with resolution N ,
we can stack the three channels of the image as a single column.
That is, K targets images can be denoted as Y ∈ R3N ×K . The
following steps are the same to the gray images as introduced
above. Fig. 14 presents the experiment results of color images.
Compare to the gray images in Fig. 12, PSNRps and PSNRsh

reduce slightly.
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Fig. 19. Visual results of color sequence “Butterfly.” First row: the first six atom frames. Second row: from left to right, the shared view and five personal views
with distinctive contents. Third row: the reconstructed images corresponding to the second row. We set s = 1, s0 = 3 s, λsh = 2, λsp = 2, M = 20, K = 9 M .
PSNRps = 33.6, PSNRsh = 40.2.

Fig. 20. Visual results of color sequence “Stone.” First row: the first six atom frames. Second row: from left to right, the shared view and five personal views
with distinctive contents. Third row: the reconstructed images corresponding to the second row. We set s = 1, s0 = 3 s, λsh = 2, λsp = 2, M = 20, K = 9 M .
PSNRps = 41.6, PSNRsh = 51.5.

C. Results of Color Image Sequences

Extensive test are performed for all other datasets listed in
Subsection V-A. The parameters of the algorithm are chosen
from the analysis in Subsection V-B. For example, we set the
number of atom frames M = 20 and the number of iterations
iter = 200 in the following experiments.

For the datasets ‘Akko & Kayo’ and ‘Rena’, we choose the
first 80 sequences as the target images. Examples of computed
atom frames and reconstructed views are shown in Figs. 15 and
16. Note that complex motions are found in these two sequences
but the background is almost stable in all frames. As a result,
we can see the background in the first few atom frames. But the
objects with complex motions, e.g., the human bodies are blurry
in some views.

For ‘Temple’ and ‘Dino’, we also choose the first 80 views
as the target images, and the results are shown in Figs. 17 and
18. Since the background for these two sequences is blank, the
computed atom frames are basically mixed views of the objects
themselves. Most of the personal views can be reconstructed
well, and the shared view is of higher quality.

For ‘Butterfly’ and ‘Stone’, all the 180 frames are chosen
as the target images, as shown in Figs. 19 and 20. These two
animation videos do not contain any noises and the backgrounds

are also stable. Therefore, we can choose the number of target
images K up to 9 M = 180 and the views can still be recovered
well. In other words, we can reconstruct all 180 frames well,
using only 20 atom frames. Similar to the example in Figs. 15
and 16, the background appears only in the first few atom frames
in Fig. 20. More interestingly, we can find that those of the
objects, such as the butterfly and the squirrel are semantically
extracted out in those atom frames, just as noticed by Lee and
Seung in [29].

VI. DISCUSSION

Based on TPVM system, many applications can be imple-
mented. The datasets we choose in Subsection V-A include four
different scenarios. For TPVM system, we choose the mod-
ified HALS algorithms, which converge fast and yield small
factorization error. There are five parameters in TPVM system.
We analyse each of the parameters in Subsection V-B. It is the
guideline for practical TPVM display systems. According to
the actual situation, good performance can be achieved by se-
lect proper parameters. For practical purposes, considering the
limited display refresh rate, the number of atom frames M is
small. We simulate a practical case: 2 atom frames and 3 target
frames. The results are still good, as shown in Fig. 13.
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It is worth mentioning that the shared views presented in this
paper are normalized and will be brighter in real system. Because
the shared views accumulate all the light emitted from display,
they must be brighter than any personal view physically. The
range of shared view is s0/s times as large as personal views, as
illustrated in (3). The inconsistency of these two kind of ranges
may be confused in the first few seconds (e.g., when the shared
view is a night scene and personal views are daylight scenes).
However, human eyes have a large and nonlinear dynamic range
response to light intensities [36]. Due to this nonlinearity, the
personal view is still perceived (with some loss of quality) as
desired even though it can be physically much darker than the
shared view.

It must be emphasized that the numerical and visual results
presented in this paper are basically simulations of a TPVM
based display system using the proposed HALS-NMF algo-
rithm to calculate the display frames and modulation weights
for LC glasses. Although many prototypes of TPVM dis-
play systems have been developed in recent years [11]–[13],
[16]–[18], [20]–[23], those applications were built mostly on
off-the-shelf display devices working at 120 ∼ 144 Hz. Con-
sidering the flicker fusion frequency of human eyes, this means
that only 2–3 atom frames can be allowed on those devices,
limiting the needs for sophisticated NMF algorithms. Luckily,
DLP technology [3] supports much higher frame rate and this
makes the proposed algorithm applicable for many practical ap-
plications with higher potentials. For example, in a recent work
[19] TPVM based visible light communication was proposed
using DLP working at over 500 Hz.

VII. CONCLUSION

In this paper, we adapt the hierarchical alternating least
squares (HALS) algorithm to solve the problem of nonnega-
tive matrix factorization (NMF) with additional constrains so as
to design temporal psychovisual modulation (TPVM) display
system. Through experiments, we analyze the optimal choice of
parameters in TPVM system. We also show the performance of
proposed algorithm on several image sequences. This paper pro-
vides an algorithmic guidance for the design of practical TPVM
display systems.

APPENDIX

MODIFIED MU FOR TPVM

The MU algorithms can also be adapted to the TPVM problem
in (5) by imposing additional constrains, i.e., the upper bound,
shared view and sparsity constrains. The constrained NMF can
be solved by the NNLS problems in (9) and (10). The gradients
of these two cost functions can be expressed by

∂DX

∂X
= XW̃W̃T − ỸW̃T (27)

∂DW

∂W
= XT XW − sXT Y + λsp1. (28)

Algorithm 2: Modified MU for TPVM.

Require: Y ∈ RN ×K

1: Initialize matrices W ∈ RM ×K ,X ∈ RN ×M

2: Ỹ =
[√

λshs0y0 |sY
]
; W̃ =

[√
λsh1M ×1 |W

]
;

3: repeat
4: % Update X
5: W̃ ←

[√
λsh1M ×1 |W

]
;

6: repeat

7: X ← X ◦ [ỸW̃ T ]
[XW̃W̃ T ] ;

8: X ← min (max (X,0) ,1);
9: until the number of inner iterations is reached
10: % Update W
11: repeat

12: W ← W ◦ [sXT Y ]
[XT XW+λsp1] ;

13: W ← min (max (W,0) ,1);
14: until the number of inner iterations is reached
15: until convergence criterion is reached

Then the updating rules can be expressed as

X ←
[
X − λX

∂DX

∂X

]

[0,1]
(29)

W ←
[
W − λW

∂DW

∂W

]

[0,1]
(30)

where λX = [X ]
[XW̃W̃ T ] and λW = [W ]

[XT XW+λsp1] are the step

lengths of gradient descent. So the update rules of the modified
MU algorithm are

X ←

⎡
⎣X ◦

[
ỸW̃T

]
[
XW̃W̃T

]
⎤
⎦

[0,1]

(31)

W ←
[
W ◦

[
sXT Y

]
[XT XW + λsp1]

]

[0,1].

(32)

The pseudocode of the modified MU for TPVM is outlined in
Algorithm 2.
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