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�2 Restoration of �∞-Decoded Images Via
Soft-Decision Estimation

Jiantao Zhou, Member, IEEE, Xiaolin Wu, Fellow, IEEE, and Lei Zhang

Abstract— The �∞-constrained image coding is a technique to
achieve substantially lower bit rate than strictly (mathematically)
lossless image coding, while still imposing a tight error bound at
each pixel. However, this technique becomes inferior in the �2
distortion metric if the bit rate decreases further. In this paper, we
propose a new soft decoding approach to reduce the �2 distortion
of �∞-decoded images and retain the advantages of both minmax
and least-square approximations. The soft decoding is performed
in a framework of image restoration that exploits the tight error
bounds afforded by the �∞-constrained coding and employs
a context modeler of quantization errors. Experimental results
demonstrate that the �∞-constrained hard decoded images can
be restored to gain more than 2 dB in peak signal-to-noise ratio
PSNR, while still retaining tight error bounds on every single
pixel. The new soft decoding technique can even outperform
JPEG 2000 (a state-of-the-art encoder-optimized image codec)
for bit rates higher than 1 bpp, a critical rate region for
applications of near-lossless image compression. All the coding
gains are made without increasing the encoder complexity as the
heavy computations to gain coding efficiency are delegated to the
decoder.

Index Terms— Context modeling, image restoration Markov
random field, MRF, near-lossless image coding.

I. INTRODUCTION

MANY important applications in medicine, sciences,
space exploration, precision engineering, etc., have

very stringent quality requirements on image compression
algorithms [1], [2]. For users of these areas images, after being
fetched and decompressed, are subject to rigorous computer
analysis and hence the reconstruction quality is far more
than just pleasing the eyes as in entertainment and consumer
applications. The ideal solution in such cases should be
mathematically lossless image coding. However, after decades
of extensive research, achievable lossless compression ratios
remain stubbornly low, ranging from 1.5:1 to 3:1 depending
on the image contents and imaging modalities. Recent results
showed that even prohibitively expensive code optimization in
minimum description principle cannot reduce lossless image
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bit rates of CALIC, a benchmark of practically good lossless
image codecs, by more than five percent [3].

When an image f has to be compressed to a lower bit rate
than lossless coding allows, an alternative is near-lossless or
�∞-constrained image coding [4]–[7]. The �∞ constraint is
imposed on the compressor such that the compression error
is tightly bounded for each single pixel, i.e., ||f − f̂ ||∞ = τ ,
where f̂ is the decompressed image and τ is a small positive
integer. The �∞-constrained coding strategy achieves the
best of the both worlds: significantly higher compression
ratio of lossy compression and a predetermined minmax
fidelity that is close to lossless compression. In contrast,
lossy image codecs designed under the �2 criterion, e.g.,
JPEG 2000, can incur large errors on some pixels that are
statistical outliers. Such large individual errors, although with
negligible contribution to PSNR, can be disastrous in some
applications. For instance, in a satellite image a boat can be
only a few pixels in size; it can be easily removed by a codec
that is optimal in �2 sense but preserved by a �∞-constrained
codec.

A number of �∞-constrained image compression tech-
niques were proposed [4]–[7]. Among them the simplest
one is uniform scalar prequantization of pixel values in f ;
the prequantized image f̂ is then losslessly coded, typically
by predictive coding schemes like CALIC [1]. This prequanti-
zation and lossless coding strategy bounds the maximum error
by ||f − f̂ ||∞ = τ , if the quantization step size is 2τ + 1. An
alternative strategy, which delivers higher coding efficiency, is
to perform uniform scalar quantization of residuals in a close
loop of predictive coding. The majority of near-lossless image
compression schemes such as those by Chen and Ranmabadran
[4], by Ke and Marcellin [5], and near-lossless CALIC [1],
[6] fall into this category. The third type of near-lossless
image coding technique is that of non-causal interpolation
proposed by Aiazzi et al. [7]. These authors proposed an
enhanced Laplacian pyramid (ELP) to perform near-lossless
image compression.

The �∞-constrained image coding becomes inferior in the
�2 distortion metric if the bit rate decreases further from
that of the lossless case. Wu and Bao tried to improve
the �2 performance of predictive near-lossless image coding
[6]. They studied the adverse effect of residue quantization
on the robustness of the predictor, and proposed adaptive
context modeling techniques to detect and correct prediction
biases caused by quantization errors. By incorporating bias
cancelation into the prediction loop, they improved the PSNR
results of �∞-constrained predictive coding. But their coding
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gain was quite small (about 0.2 dB on average) and incurred
significantly higher encoder complexity.

In this research, instead of fine tuning the encoder, we move
the task of improving the coding efficiency to the decoder. We
propose a soft decoding technique to re-estimate the original
image f from the hard decision �∞-decoded image f̂ . This is
cast as an inverse problem of �2 restoration of �∞-decoded
images, where the source of degradation is compression noise
due to the uniform scalar quantizer in the prediction loop.
Compression noises were studied by many researchers. In
[8], [9], various image restoration schemes were proposed
to suppress the blocking artifacts caused by quantization in
the DCT domain. Most of the works on image restoration
such as those for denoising [10]–[12], deblurring [13], [14],
etc. assume degradation source to be signal independent and
spatially invariant, which clearly does not hold for com-
pression distortions. To solve our problem, we integrate a
context model of compression noise into the traditional image
restoration framework. We also utilize the prior knowledge of
natural images, i.e., a piecewise autoregressive (PAR) model
to regularize the restoration problem, in which the PAR model
offers an adaptive and sparse representation of natural images
via its parameters [15]. Another contributing factor to the
success of the proposed soft decoding approach is a proper
use of the �∞ bound, a strong side information which was,
quite surprisingly, overlooked and wasted. We impose the
convex constraints ||f − f̂ ||∞ = τ to confine the solution space
when solving the soft decoding problem. It will be shown that
the soft decoding can be performed efficiently by constrained
linear least-squares estimation.

The proposed soft decoding strategy can improve the PSNR
of �∞-decoded image f̂ by up to 2.86 dB. For bit rates above
1 bpp, a rate region of importance for applications of near-
lossless image coding, it can even outperform competitive
encoder-centralized image codecs, such as JPEG 2000, in
PSNR. In addition, this new strategy of soft decoding offers
a side benefit of tight �∞ bound, which is very important
for critical applications in medicine, security, remote sensing,
reconnaissance, etc. Experimental results with satellite and
medical images are provided to demonstrate the superior
performance of our proposed method.

The remainder of this paper is organized as follows. The
next section introduces the framework of �2 restoration of
�∞-decoded images, in which model-based soft decoding can
be performed. Section III presents the technique for context
modeling of the compression noise. Section IV describes
a sparsity-driven construction of a locally adaptive image
model, which is central to the proposed soft decoding method.
In Section V, we discuss the roles and proper use of �∞
constraints in �2 restoration of �∞-decoded image. We provide
the experimental results accompanied by a comparative study
with near-lossless CALIC and JPEG 2000 in Section VI, and
conclude in Section VII.

Notations: Throughout this paper, we will use boldfaced
letters to denote matrices and lightfaced letters for scalar
quantities. If not otherwise specified, images will be treated
as vectors. For a vector a, we use ai and a to denote the i th
element and an arbitrary element, respectively. (·)T stands for

the transpose for the corresponding matrix, and 1 denotes the
vector with all elements being 1.

II. SOFT DECODING BY MODEL-BASED ESTIMATION

Rather than optimizing the encoder to gain coding effi-
ciency, we shift the task of removing redundancy to the
decoder and keep the encoder complexity at minimum. An
obvious cause for the inferior �2 performance of the exist-
ing �∞-constrained coding methods is that the strong side
information ||f − f̂ ||∞ = τ , is totally ignored and wasted
at the decoder side. Another prior information on the image,
which is also neglected by hard decoding, is that natural
images can be satisfactorily modeled as Markov Random
Field (MRF) [16]. To capitalize on the above sources of
prior domain knowledge, the decoder needs to go beyond
the current practice of hard pixel-by-pixel decompression of
an �∞-decoded image. Therefore, we adopt a soft decoding
approach, starting from the hard decoded image f̂ as an initial
estimate of f , and proceed to compute an improved estimate
x of the original image f by solving the following inverse
problem

min
x

{‖x − xM‖2
2 + λ‖x − h(f̂)‖2

2}
subject to ‖x − f̂‖∞ = τ (1)

where

1) xM denotes an estimate of x generated by an image
model M;

2) h(f̂) is a context-adaptive initially refined estimate of f
based on f̂ (to be explained later in Section III);

3) ‖x − xM‖2
2 is the regularization term;

4) ‖x − h(f̂)‖2
2 is the fidelity term;

5) λ is a Lagrangian multiplier that is set by relative fidelity
of the received data and the image prior;

6) The constraints inherent to the �∞-constrained coding
‖x − f̂‖∞ = τ are to confine the solution space of the
underlying optimization problem.

For the regularization term in (1), we assume an image
model M of 2-D piecewise autoregressive (PAR) [15]

fi, j =
∑

(m,n)∈S
am,n

i, j fi+m, j+n + u (2)

where S specifies the support of the PAR model relative to
pixel position (i, j), and u is a random perturbation indepen-
dent of pixel location (i, j) and the image signal. Here, the
model parameter vectors ai, j ’s are allowed to change from
pixel to pixel. The PAR model is chosen for the following
reasons. First of all, MRF is a common image model that
has been proven effective in a wide range of applications
including image upconversion [17], image interpolation [18],
image demosaicking [19], etc. Secondly, the PAR model, while
being a special form of MRF, has a generality afforded by the
property that the Gauss-Markov process of the form

Yi = −
k∑

t=1

at Yi−t + ni (3)
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where ni ’s are i.i.d. ∼ N (0, σ 2), is the maximum entropy rate
stochastic process if at ’s are chosen such that E{Yi Yi+t } = at ,
for 1 ≤ t ≤ k and all i (p. 274, [20]). Thus, the PAR model
class is versatile, expressive, and capable of fitting image
waveforms ranging from smooth shades, periodic textures to
transients like edges. Thirdly, the piecewise linearity of the
PAR model makes the soft decoding problem convex, and
hence, computationally amenable.

The PAR model parameter vectors ai ’s are estimated adap-
tively for each spatial location i . The construction method of
the PAR model, i.e., the determination of ai ’s, is deferred to
Section IV. With such a PAR model, we can write (2) in matrix
form

f = Af + u (4)

where A is the sparse zero-diagonal matrix consisting of model
parameters, whose i th row is the parameter vector aT

i to
generate pixel fi . Therefore, (1) is embodied as the following
constrained optimization problem

min
x

{‖x − Ax‖2
2 + λ‖x − h(f̂)‖2

2}
subject to ‖x − f̂‖∞ = τ. (5)

III. CONTEXT MODELING OF COMPRESSION NOISES

To solve the restoration problem in (5), we need to
determine the PAR model parameter matrix A in the reg-
ularization term and the function h(·) in the fidelity term.
A straightforward approach is to set h(f̂) = f̂ , as done
in the standard image restoration [9], [21], and estimate
A from the samples of f̂ in moving windows. As explained
previously, the noise considered in the standard setting of
image restoration is assumed to be signal independent and
often zero-mean, and hence, the received noisy data is an
unbiased estimate of the original signal. However, the degra-
dation source of our problem is compression noise due to the
uniform scalar quantization in the prediction loop, which is
clearly signal and spatial dependent. In the following, we will
show that even though f̂ is an unbiased estimate of f without
being conditioned on any additional information, it is no longer
so with context modeling technique.

In the �∞-constrained predictive coding, the prediction error

e = f − f̃ (6)

where f̃ is the prediction value, has an �∞ bound of τ that
is ensured by a scalar quantizer of step size 2τ + 1; namely,
e is quantized to ê

ê =
{

(2τ + 1)�(e + τ )/(2τ + 1)� if e ≥ 0

(2τ + 1)�(e − τ )/(2τ + 1)� if e < 0
(7)

As a result, the compression noise of the hard decoded
image f̂ becomes

d = f − f̂

= (e + f̃ ) − (ê + f̃ )

= e − ê. (8)

As a well-known fact, the prediction error e can be satis-
factorily modeled as a zero-mean Laplacian distribution [22],
[23]

p(x) = 1

2b
exp

(
− |x |

b

)
(9)

where b is the scale parameter.
Fig. 1 illustrates the uniform scalar quantization of Lapla-

cian distributed prediction error. From (7) and Fig. 1, we can
see that ê is an unbiased estimate of e when e ∈ [−τ, τ ],
since E(e) = ê = 0. However, due to the exponential decay
of the Laplacian distribution as e moves away from 0, ê, the
mid-point of each quantization bin, is no longer an unbiased
estimate of e; namely, E(d) 
= 0. To quantify this, we obtain
from (8)

E(d|ê) = E(e|ê) − ê (10)

and then calculate the conditional mean E(d|ê) for different
cases of ê.

Case 1: ê > 0. By definition

E(e|ê) =
∫ ê+τ

ê−τ x p(x)dx
∫ ê+τ

ê−τ p(x)dx
. (11)

Plugging in (9) yields

E(e|ê) = ê − τ + b − 2τ

e2τ/b − 1
. (12)

Hence,

E(d|ê) = E(e|ê) − ê = b − τ − 2τ

e2τ/b − 1
. (13)

Case 2: ê = 0. Using the symmetric distribution of e given
ê = 0, we have

E(d|ê) = E(e|ê) − ê = 0. (14)

Case 3: ê < 0. It follows from the symmetry of the
Laplacian distribution and the result of Case 1

E(d|ê) = −b + τ + 2τ

e2τ/b − 1
. (15)

The above cases are summarized by

E(d|ê) =

⎧
⎪⎨

⎪⎩

b − τ − 2τ
e2τ/b−1

if ê > 0
0, if ê = 0

−b + τ + 2τ
e2τ/b−1

if ê < 0
(16)

From (16), we see that given τ and b, the conditional mean
E(d|ê) depends only on the sign s of ê.

In addition, the compression noise strongly correlates to the
local smoothness of the image because the predictor behaves as
a low-pass filter. Thus, we introduce the conditional probabil-
ity p(d|∇2, s) as a statistical context model of d , where ∇2 is
the image Laplacian and s is the sign of ê. Instead of directly
estimating p(d|∇2, s), we only estimate two parameters of
p(d|∇2, s): the conditional mean E(d|∇2, s) and conditional
variance Var(d|∇2, s), using samples from appropriate training
data. The parameter estimation is to prevent the problem of
context dilution because the compound context space spanned
by ∇2 and s is very large. Specifically, we collect a set of

Authorized licensed use limited to: Universidade de Macau. Downloaded on July 06,2022 at 07:00:36 UTC from IEEE Xplore.  Restrictions apply. 



4800 IEEE TRANSACTIONS ON IMAGE PROCESSING, VOL. 21, NO. 12, DECEMBER 2012

−10 −8 −6 −4 −2 0 2 4 6 8 100

0.05

0.1

0.15

0.2

0.25

e

      Reconstruction Value

Quantization
Bin 1

Quantization
Bin −1

Quantization
Bin 0

Fig. 1. Uniform scalar quantization of Laplacian distributed prediction error. Here, the �∞ bound τ = 2.

(a)

(b)

(c)

Fig. 2. Joint distribution of p(d,∇2|s), where x-axis and y-axis represent the values of ∇2 and d, respectively. Here, the �∞ bound τ = 7.

training images and their hard decoded versions. The samples
of compression noise can be readily obtained by subtracting
the hard decoded image from the original one, according to
(8). The samples of the image Laplacian ∇2 are extracted
from the hard decoded images. Furthermore, the samples of
s, i.e., the sign of ê can be retrieved during the course of hard
decoding the compressed images. Then, we group or quantize
the samples of compression noise d into several classes
according to the compound context (∇2, s), and estimate the
associated conditional mean and conditional variance for each
class. In our implementation, we use 15 training images. In
Fig. 2(a)–(c), we plot the joint distributions p(d,∇2|s = +),
p(d,∇2|s = 0), and p(d,∇2|s = −), respectively. The
brightness in these figures corresponds to the population of
the associated (d,∇2) sample pairs. It can be observed that
the joint distribution p(d,∇2|s = +) is biased towards d < 0,
while p(d,∇2|s = −) is biased towards d > 0. We would also
like to bring the reader’s attention to the correlation between
d and ∇2 given s = 0 (Fig. 2(b)), although it is much weaker
than those in cases s = + (Fig. 2(a)) and s = − (Fig. 2(c)).
Superimposing the plots in cases (a), (b) and (c) reveals that
the marginal distribution p(d) is of zero mean, although the
conditional distribution p(d|∇2, s) exhibits increasing biases
from zero as the value of ∇2 moves away from zero. These
observations confirm that f̂ is a biased estimate of f in the
compound context (∇2, s).

Upon getting the mean conditioned on (∇2, s), we can
obtain a context-adaptive, unbiased f̆ by canceling the esti-
mation bias, namely

f̆ = f̂ + E(d|∇2, s). (17)

This technique is similar to the centroid reconstruction in the
uniform-threshold quantizer (UTQ) [25]–[28].

Having derived an initially improved estimate f̆ , we can use
samples from it to estimate the PAR model parameter matrix A
(will be presented shortly in the next section), and set h(f̂) = f̆ .
In other words, the fidelity term now becomes ‖x − f̆‖2

2.
Let us then examine the conditional variance of the com-

pression noise after bias cancelation. From (8) and (17), we
know that the compression noise after bias cancelation can be
written as

d̆ = f − f̆ = d − E(d|∇2, s). (18)

Noticing that E(d|∇2, s) is a constant for fixed compound
context (∇2, s), we have

Var(d̆|∇2, s) = Var(d|∇2, s). (19)

Hence, the conditional variance of the compression noise
before and after the bias cancelation is preserved. The
information of conditional variance will be shown in the
next section to be useful in determining a context-adaptive
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(a) (b) (c) (d) (e)

(f) (g) (h) (i) (j)

(k)

Fig. 3. Test images. (a) Cloud. (b) Factory. (c) Farmland. (d) Highway. (e) Stadium. (f) Pentagon. (g) Bay. (h) Moon. (i) Ovaries.(j) Liver. (k) Lena.
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Fig. 4. R-D curves for image Liver.

regularization matrix to optimally weigh each individual error
term (xi − f̆i )

2 of the objective function (5).

IV. PAR MODEL CONSTRUCTION

In this section, we discuss the construction of the PAR
model M, i.e., the determination of A in (4). Since f̆ is an
initially refined version of f̂ , it is reasonable to use the samples
from f̆ , instead of from f̂ , to estimate the PAR model parameter
matrix A. Due to the well-known observation that a natural
image is a non-stationary MRF of modest order, each row
vector aT

i is sparse, which means only a very small portion of
its elements are non-zero. The power of adaptive PAR model
lies in its capability of providing, by varying ai , different
sparse representations for image waveforms in different spatial
locations. The non-zero elements of ai constitute the 2-D
support of the regression relation fi = aT

i f + u for pixel fi .
Therefore, the parameter matrix A can be found by performing

the following �1-minimization for sparse signal estimation [29]

min
A

∑

i

‖ai‖1

subject to ‖f̆ − Af̆‖2
2 ≤ σ 2 (20)

where σ 2 is the energy of quantization noises in f̆ .
Unfortunately, directly solving (20), which is severely

underdetermined, is infeasible because the size of A is much
larger than that of f . The hope for a numerically stable solution
lies in a structured sparsity of A: ai and a j are close to
each other if image f exhibits similar second-order statistics
at locations i and j . Because of the property of MRF, fi only
depends on the pixels in a local window

wi = ( fi , fi�1, fi�2, . . . , fi�K )T (21)

where fi�k denotes the kth neighbor of pixel fi in the
image domain. The ordering of these K effecting pixels in

Authorized licensed use limited to: Universidade de Macau. Downloaded on July 06,2022 at 07:00:36 UTC from IEEE Xplore.  Restrictions apply. 



4802 IEEE TRANSACTIONS ON IMAGE PROCESSING, VOL. 21, NO. 12, DECEMBER 2012

36

38

40

42

44

46

48

50

52

Near−loss CALIC
Proposed
J2K

P
S

N
R

 (
dB

)
1 1.5 2 2.5 3

bit rate (bpp)

Fig. 5. R-D curves for image Farmland.

(a) (b) (c) (d)

Fig. 6. Recovered image details of Farmland for τ = 3. (a) Original. (b) CALIC hard decoded (PSNR 42.45 dB, ‖e‖∞ = 3). (c) Soft decoded (PSNR
43.21 dB, ‖e‖∞ = 5). (d) JPEG 2000 decoded (PSNR 42.21 dB, ‖e‖∞ = 10).

(a) (b) (c) (d)

Fig. 7. Recovered image details of Farmland for τ = 5. (a) Original, (b) CALIC hard decoded (PSNR 38.84 dB, ‖e‖∞ = 5). (c) Soft decoded (PSNR
39.86 dB, ‖e‖∞ = 9). (d) JPEG 2000 decoded (PSNR 39.04 dB, ‖e‖∞ = 16).

(a) (b) (c) (d)

Fig. 8. Recovered image details of Farmland for τ = 7. (a) Original. (b) CALIC hard decoded (PSNR 36.42 dB, ‖e‖∞ = 7). (c) Soft decoded (PSNR
37.54 dB, ‖e‖∞ = 12). (d) JPEG 2000 decoded (PSNR 37.26 dB, ‖e‖∞ = 24).

the local window is given by a fixed 2-D traversal, e.g.,
raster scan, with respect to the pixel location i . The coeffi-
cients in ai corresponding to locations outside of the local

window wi are set to be zeros. To characterize the 2-D
image waveform and noting that the PAR model vectors ai

and a j are the same if wi = w j + c1T , where c is a constant,
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(a) (b) (c) (d)

Fig. 9. Recovered image details of Highway for τ = 3. (a) Original, (b) CALIC hard decoded (PSNR 42.12 dB, ‖e‖∞ = 3), (c) soft decoded (PSNR
42.32 dB, ‖e‖∞ = 5), and (d) JPEG 2000 decoded (PSNR 40.61 dB, ‖e‖∞ = 15).

(a) (b) (c) (d)

Fig. 10. Recovered image details of Highway for τ = 5. (a) Original, (b) CALIC hard decoded (PSNR 38.22 dB, ‖e‖∞ = 5), (c) soft decoded (PSNR
38.85 dB, ‖e‖∞ = 9), and (d) JPEG 2000 decoded (PSNR 37.62 dB, ‖e‖∞ = 15).

we relate each pixel fi with a mean-removed feature vector

w̃i = wi − μi 1T (22)

where

μi = 1

K + 1

K∑

k=0

fi−k (23)

If w̃i and w̃ j are close to each other, then fi and f j

are very likely generated by an underlying PAR model
with the same or similar parameters. This allows the
model parameter matrix A to be estimated one row at a
time. More specifically, ai is the solution of the following
�1-minimization problem

min
a

‖a‖1

subject to |aT w j − f̆i | ≤ κe−‖w̃ j−w̃i‖2

∀ j ∈ {j | ‖w̃j − w̃i‖2 < ε}
(24)

where κ is a normalization factor and ε is a threshold to
select samples having similar 2-D waveform as w̃i to learn ai .
This technique of enforcing similar autoregressive functions
on similar patches of the image bears some resemblance to
non-local image modeling [24].

A byproduct of determining the PAR model parameter
matrix A is the model fitting error defined by

σ 2
M

= ||f̆ − Af̆||22 (25)

For each individual error term (xi − f̆i )
2, its conditional

variance
σ 2

i = Var(d̆|∇2
i , si ) (26)

varies in the local Laplacian ∇2
i and the sign of êi , denoted

by si .

Having σ 2
M

and σ 2
i , now we are ready to address the

remaining issue of setting the Lagrangian multiplier λ in (5).
A constant weighting factor λ in (5) is clearly suboptimal.
An optimal weight is a function of σ 2

i and σ 2
M

. Recall from
(19) that Var(d̆|∇2, s) = Var(d|∇2, s), and hence, σ 2

i can be
estimated using training data classified by compound context
(∇2

i , si ). In the least-squares sense, the optimal weighting of
the regularization term and the fidelity term in (5) is given by
a diagonal matrix 	; the i th element is

πi = σ−2
i∑

i σ−2
i + σ−2

M

·
∑

i σ−2
i + σ−2

M

σ−2
M

= σ 2
M

σ 2
i

(27)

and πi is the weight for the error term (xi − f̆i )
2. Finally, soft-

decoding can be stated as the following optimization problem
of re-estimating the original image f

min
x

{‖x − Ax‖2
2 + ‖√	(x − f̆)‖2

2}
subject to ‖x − f̂‖∞ = τ (28)

where
√

	 means the diagonal matrix resulted by taking
square root of all elements of 	. For clarity we rewrite the
above objective function

min
x

{‖Bx − C‖2
2}

subject to ‖x − f̂‖∞ = τ (29)

where

B =
(

I − A√
	

)
(30)

C =
(

0√
	f̆

)
(31)
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(a) (b) (c) (d)

Fig. 11. Recovered image details of Highway for τ = 7. (a) Original, (b) CALIC hard decoded (PSNR 35.61 dB, ‖e‖∞ = 7), (c) soft decoded (PSNR 36.56
dB, ‖e‖∞ = 12), and (d) JPEG 2000 decoded (PSNR 35.75 dB, ‖e‖∞ = 19).

(a) (b) (c) (d)

Fig. 12. Example of object preserving/removal for image Highway. (a) Original. (b) Hard decoded. (c) Soft decoded. (d) J2K.

and I denotes the identity matrix. Clearly, this is a constrained
least-squares problem, and hence, can be numerically solved
in an efficient manner.

V. EFFECT OF THE �∞-CONSTRAINTS

As an �∞-constrained coding scheme, the proposed com-
pression system has an added benefit of maintaining a tight
error bound on each pixel. Let us now investigate the �∞
error bound of the soft decoding result x with respect to the
original image f . Because of the constraints in (29) and the
�∞ bound effected on f̂ , i.e., |x − f̂ | ≤ τ and | f − f̂ | ≤ τ
hold simultaneously, and consequently

|x − f | = |x − f̂ + f̂ − f |
≤ |x − f̂ | + | f − f̂ |
≤ 2τ. (32)

In other words, while the proposed soft decoding technique
is optimized to minimize the �2 distortion, it still maintains a
known bound on the maximum possible error. In fact, for any
specific pixel fi , we can obtain an even tighter error bound

|xi − fi | ≤ τ + |xi − f̂i | (33)

since both x and f̂ are available to the decoder after solving
the soft decoding problem. This tighter error bound (will be
shown shortly by experimental results) is capable of pro-
viding very important information for critical applications in
medicine, security, remote sensing, reconnaissance, and etc.,
when decompressed images are subject to rigorous computer
analysis, rather than pleasing the eyes as in entertainment and
consumer applications.

It is also interesting to note that a proper shrinkage of the
�∞ constraints (replacing τ with a smaller value ατ ) in the
optimization problem of (29), namely

‖x − f̂‖∞ = ατ, 0 ≤ α ≤ 1 (34)

can reduce both the �2 and �∞ errors of x, i.e., achieve higher
PSNR and tighter maximum error bound. In our implemen-
tation, we employ α = 0.7, and empirically find that this
configuration improves x in PSNR, and at the same time,
reduces the �∞ error bound for most images.

VI. EXPERIMENTAL RESULT

To demonstrate the performance of our proposed soft decod-
ing approach, we compare it with the latest version of near-
lossless CALIC (CALIC, in abbreviation) and the encoder-
centralized scheme JPEG 2000, in both �2 and �∞ distortions.

Tables I through IV present the performance results of
the proposed soft decoding method when it is initialized by
CALIC of �∞ error bounds τ = 1, τ = 3, τ = 5, and τ = 7,
respectively. In other words, the output of CALIC decoder is
used as the input to drive the soft decoder. We report the
experimental results on eight satellite images, two medical
images and the benchmark test image Lena (shown in Fig. 3).

The results of CALIC and JPEG 2000 for the corresponding
bit rates are also tabulated in these tables. Both PSNR values
and the maximum absolute errors (‖e‖∞) are compared. In
the rightmost two columns, GC and G J 2K represent the gains
of the proposed new method over CALIC and JPEG 2000.
Compared with CALIC, the gain in PSNR GC can be up
to 2.86 dB, which is achieved by the image Factory for
τ = 7. Also, the value of GC tends to increase for larger τ .
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TABLE I

PERFORMANCE COMPARISON FOR τ = 1

Image rate CALIC JPEG 2000 Proposed GC G J 2K
PSNR ‖e‖∞ PSNR ‖e‖∞ PSNR ‖e‖∞

Liver 2.265 49.89 1 48.16 4 49.99 2 0.10 1.83
Cloud 2.382 49.89 1 48.01 5 49.91 2 0.02 1.90

Factory 2.226 49.91 1 48.35 5 50.24 2 0.33 1.89
Farmland 2.809 49.90 1 47.71 5 50.04 2 0.14 2.33
Highway 3.617 49.89 1 47.33 5 49.91 2 0.02 2.58
Stadium 3.255 49.86 1 47.56 5 49.90 2 0.04 2.34
Pentagon 3.193 49.87 1 45.94 6 49.89 2 0.02 3.95

Bay 3.131 49.93 1 47.68 5 49.98 2 0.05 2.30
Moon 3.384 49.90 1 46.72 7 49.93 2 0.03 3.21

Ovaries 3.182 49.91 1 47.45 8 49.95 2 0.04 2.50
Lena 2.570 49.89 1 47.78 6 49.91 2 0.02 2.13

TABLE II

PERFORMANCE COMPARISON FOR τ = 3

Image rate CALIC JPEG 2000 Proposed GC G J 2K
PSNR ‖e‖∞ PSNR ‖e‖∞ PSNR ‖e‖∞

Liver 1.318 42.28 3 43.39 10 43.94 5 1.66 0.55
Cloud 1.384 42.25 3 43.13 9 43.68 5 1.43 0.55

Factory 1.373 42.30 3 42.99 11 44.35 5 2.05 1.36
Farmland 1.752 42.45 3 42.21 10 43.21 5 0.76 1.00
Highway 2.452 42.12 3 40.61 15 42.32 5 0.20 1.71
Stadium 2.230 42.12 3 41.55 11 42.80 5 0.68 1.25
Pentagon 2.047 42.12 3 39.96 12 42.34 5 0.22 2.38

Bay 2.107 42.21 3 40.71 12 42.39 5 0.18 1.68
Moon 2.223 42.12 3 40.07 12 42.25 5 0.13 2.18

Ovaries 2.064 42.12 3 41.26 12 42.57 5 0.45 1.31
Lena 1.531 42.25 3 42.86 10 43.32 5 1.07 0.46

TABLE III

PERFORMANCE COMPARISON FOR τ = 5

Image rate CALIC JPEG 2000 Proposed GC G J 2K
PSNR ‖e‖∞ PSNR ‖e‖∞ PSNR ‖e‖∞

Liver 0.914 38.64 5 40.88 12 40.89 9 2.25 0.01
Cloud 0.938 38.61 5 40.64 14 40.64 9 2.02 0

Factory 1.056 38.48 5 40.19 14 41.10 8 2.62 0.91
Farmland 1.282 38.84 5 39.04 16 39.86 9 1.02 0.82
Highway 1.880 38.22 5 37.62 15 38.85 9 0.63 1.23
Stadium 1.766 38.39 5 38.31 14 39.49 9 1.10 1.18
Pentagon 1.505 38.23 5 37.64 16 39.13 9 0.90 1.49

Bay 1.613 38.25 5 38.14 16 38.73 9 0.48 0.59
Moon 1.662 38.18 5 37.59 16 38.93 9 0.75 1.34

Ovaries 1.531 38.22 5 38.33 14 39.34 9 1.12 1.01
Lena 1.034 38.73 5 40.29 14 40.31 9 1.58 0.02

TABLE IV

PERFORMANCE COMPARISON FOR τ = 7

Image rate CALIC JPEG 2000 Proposed GC G J 2K
PSNR ‖e‖∞ PSNR ‖e‖∞ PSNR ‖e‖∞

Liver 0.661 36.32 7 39.21 14 38.74 11 2.42 -0.47
Cloud 0.676 36.30 7 39.12 15 38.53 12 2.23 -0.59

Factory 0.828 35.91 7 37.93 23 38.77 11 2.86 0.84
Farmland 0.991 36.42 7 37.26 24 37.54 12 1.12 0.28
Highway 1.531 35.61 7 35.75 19 36.56 12 0.95 0.81
Stadium 1.436 35.48 7 36.35 23 36.73 12 1.25 0.38
Pentagon 1.141 35.80 7 36.12 24 36.99 12 1.19 0.87

Bay 1.325 35.54 7 36.30 24 36.38 12 0.84 0.08
Moon 1.310 35.59 7 35.99 24 36.78 12 1.19 0.79

Ovaries 1.188 35.80 7 36.88 19 37.22 12 1.42 0.34
Lena 0.753 36.45 7 38.87 22 38.29 12 1.84 -0.58

Meanwhile, we still maintain a �∞ bound less than 2τ , due
to the employment of the shrinkage parameter α = 0.7.

Compared with JPEG 2000, the new method consistently
achieves higher PSNR for bit rates above 1 bpp. The gain in

PSNR over JPEG 2000 G J 2K can be significant for high bit
rates. For instance, for the test image Moon, G J 2K = 3.21 dB
when the bit rate is 3.384 bpp. Hence, at the rate region above
1 bpp, the proposed soft decoding strategy offers significantly
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higher compression ratio of lossy compression and a predeter-
mined minmax fidelity that is close to lossless compression.
As bit rate drops, the PSNR gain G J 2K decreases. When the
bit rate is below 1 bpp, the value of G J 2K diminishes and
starts to become negative. For example, for the image Liver,
G J 2K = −0.47 dB when bit rate is 0.661 bpp. The R-D
curves for two test images Farmland and Liver can also be
seen in Figs. 4–5. Nevertheless, the new method still maintains
a smaller maximum absolute error ‖e‖∞ than JPEG 2000.

We also present the visual comparison of the image details
for different methods in Figs. 6–11. Compared with the
CALIC hard decoded images, the proposed soft decoding
technique can effectively remove the quantization noise, while
still keeping sharp edges. It can also be seen that the restored
images by the new method is visually much closer to the
original ones than those by JPEG 2000. In addition, JPEG
2000 tends to overly smooth the images, resulting in blurred
image edges and fine details.

It also should be noted that JPEG 2000, or any lossy
image codecs designed under the �2 criterion for that matter,
can incur large errors on some pixels that are statistical
outliers. Such large individual errors, although with negligible
contribution to PSNR, can be disastrous in some critical
scenarios, e.g., security and medical applications. In contrast,
the proposed new approach can still guarantee a known tight
error bound less than 2τ due to the constrains imposed when
solving the soft decoding problem. As a result, our method can
preserve fine particle-like features, when JPEG 2000 seriously
distorts or even removes these features. A telling example
of this phenomenon is shown in Fig. 8. The sharp line in
this image is well preserved by the proposed method, but
completely removed by JPEG 2000, despite their very similar
PSNR values. Another example is given in Fig. 12, in which
the area enclosed by the red box warrants close scrutiny. The
small dots in the center of the box are probably vehicles on a
Highway. They are kept intact in the soft decoded image, but
completely disappear in the JPEG 2000 decoded image. These
tiny but semantically distinctive objects are very important to
decision making in security and medical applications.

VII. CONCLUSION

In this paper, we have proposed a novel soft decoding
method for �2 restoration of �∞-decoded images. Based on
a prior image model and the convex constraints naturally
offered by the �∞-constrained compression, the decoder
solves an inverse problem to get an improved estimate from
the �∞-decoded images. The PSNR improvement over the
�∞-decoded images can be more than 2 dB. For bit rates
higher than 1 bpp, this new method even achieves higher
PSNR than the state-of-the-art �2-optimized image codecs
such as JPEG 2000, while still maintaining a much tighter
minmax error bound.
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